PROCEEDINGS 


OF THE 


NATIONAL ACADEMY OF SCIENCES 


Volume 28 " October 15, 1942 Number 10 
Copyright 1942 by the National Academy of Sciences 


A COMPLEMENT-RELEASE REACTION; THE NEUTRALIZA- 
TION OF THE ANTICOMPLEMENTARY ACTION OF SEA- 
URCHIN FERTILIZIN BY ANTIFERTILIZIN* 

By ALBERT TYLER 


WILLIAM G. KERCKHOFF LABORATORIES OF THE BIOLOGICAL SCIENCES, CALIFORNIA 
INSTITUTE OF TECHNOLOGY 


Communicated August 23, 1942 


In previous articles'~* the interaction of fertilizin and antifertilizin has 
been considered analogous to that of an antigen and its specific antibody 
in the more usual serological reactions. Since many antigen-antibody re- 
actions exhibit complement-fixation, it was of interest to learn if this oc- 
curs in the union of fertilizin and antifertilizin. A positive result would 
strengthen the analogy: with serological reactions. However, it is by no 


means a necessary characteristic of antigen-antibody reactions that they 
fix complement in vitro, since there are a great many exceptions, such as all 
toxin-antitoxin reactions that have been examined,? the reaction of horse’® 
or human" antipneumococcus antibodies with capsular carbohydrate, and 
most cases of the action of the normal iso-antibodies of the blood-groups.'? 
Also, in many instances antigen or antibody alone are too highly anticom- 
plementary to permit a determination of complement fixation by their in- 
teraction. 

In complement-fixation tests with sea-urchin fertilizin-antifertilizin 
mixtures, the fertilizin was found to be highly anticomplementary. Dilu- 
tions below the anticomplementary limit gave with antifertilizin no 
complement-fixation. Above the anticomplementary limit a new phenom- 
enon was found; namely, that the addition of antifertilizin neutralized 
the anticomplementary action of fertilizin, or if the complement were first 
bound by fertilizin, antifertilizin released it. This phenomenon is there- 
fore designated a “‘Complement-Release Reaction.’’ The data show it to 
be a quantitative measure of the interaction of fertilizin and anti-fertili- 
zin and to involve the fourth component (C’4) of complement. 

Material and Methods.—The fertilizin and the antifertilizin solutions 
were partially purified preparations from the eggs and the sperm, respec- 
tively, of the sea-urchin Strongylocentrotus purpuratus, prepared according 
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TABLE 1 


NEUTRALIZATION OF ANTICOMPLEMENTARY ACTION OF S. purpuratus FERTILIZIN BY ANTIFERLIZIN 


Two units of complement (0.25 ml. of 1/25 guinea-pig serum) added to indicated mixtures, incubated 1 hour at 37°C., sheep cells added 


and degree of hemolysis read after 1 hour at 37°C. 


4 


++++ = Complete hemolysis; 0 = no hemolysis 
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to previously described ** 
methods. Fertilizin titer 
is given as the reciprocal 
of the final dilution that 
gives microscopically per- 
ceptible agglutination with 
an equal volume of a 1% 
sperm suspension. Anti- 
fertilizin titer is the recip- 
rocal of the dilution that 
just neutralizes one unit of 
fertilizin. For use in the 
hemolytic system fertilizin 
and antifertilizin solutions 
were adjusted to 0.9% 
salinity. Pooled fresh 
guinea-pig serum was used 
as the source of comple- 
ment. The indicator con- 
sisted of a 2% suspension 
of sheep erythrocytes 
sensitized with three units 
of amboceptor (rabbit 
antisheep cell serum) and 
0.5 ml. of this was used in 
a total reactant volume of 
1.25 ml. All dilutions and 
adjustments to total vol- 
ume were made with a “‘sea 
water-Ringers’’ solution 
prepared by diluting three 
volumes of sea water (local 
salinity 3.38%) with 
eight volumes of distilled 
water. 

Interaction of Fertihzin, 
Antifertilizin and Comple- 
ment.—Solutions of S. pur- 
puratus fertilizin are found 
to be very highly anticom- 
plementary and the extent 
of this action roughly 
parallels the sperm-agglu- 








VoL. 28, 1942 ZOOLOGY: A. TYLER 393 


tinating titer. In the experiment listed in table 1 (last line) 0.25 ml. of a 32 
unit fertilizin solution (1/15 dilution) inactivates 2 units of complement. In 
13 other experiments the inactivation ratio ranged from 8:1 to 32:1 with an 
average of 20:1. On the other hand concentrated solutions of antifertilizin 
show no anticomplementary action (next to last column of table) nor do they 
have any hemolytic action on sensitized sheep cells (last column of table). 
The addition of antifertilizin overcomes the anticomplementary action of 
fertilizin and, as the data show, the amount required is directly propor- 
tional to the amount of fertilizin present. In these mixtures one might 
have expected to find complement fixation. Instead the presence of anti- 
fertilizin protects complement from inactivation by fertilizin. There is no 
sign of complement fixation with dilutions (such as '/,23 in the table) of 
fertilizin that are below the anticomplementary limit. From the data 
in the table it may be seen that one unit of antifertilizin neutralizes the 
anticomplementary action of 2 to 4 units of fertilizin and combined with 
13 other less extensive experiments the ratio approximates 1:4. 

If complement is allowed to react with fertilizin for some time before 
the addition of antifertilizin the results are the same as when all three 
are mixed immediately. If the sensitized sheep cells are added directly 
after the addition of antifertilizin, the same degree of hemolysis is ob- 
tained but there is a definite time lag when compared with a previously in- 
cubated mixture. Since antifertilizin has no hemolytic action on sensi- 
tized sheep cells the results mean that complement as a whole is not de- 
stroyed or irreversibly bound by fertilizin. 

The interaction of fertilizin and complement is also manifested by an in- 
hibition of the sperm-agglutinating power of the former. For these tests 
the guinea-pig serum is adjusted to sea water salinity. In four experi- 
ments that were run one unit of complement neutralized the sperm-ag- 
glutinating action of 4 to 7 (av. 5) units of fertilizin. This is much less than 
might be expected from the anticomplementary ratio (20:1), but it is con- 
sistent with the ratios of fertilizin to antifertilizin that remove the anti- 
complementary action of the former. It may be interpreted as signifying 
a stronger interaction of fertilizin with antiferilizin (either in solution or on 
the sperm) than with complement or, in other words, a lower equilibrium 
constant for the former reaction than for the latter. 

When guinea-pig serum is added to intact S. purpuratus eggs the latter 
agglutinate and a precipitation membrane (‘ fig. 1) forms on the gelatinous 
coat. Since the jelly coat is composed of fertilizin®*® this action is, very 
likely, simply another manifestation of its interaction with complement. - 

Action of Univalent Fertilizin—It has been shown®" that fertilizin can 
be converted into a non-agglutinating form, termed “‘univalent,’’ that still 
combines with the species sperm or with antifertilizin. This, then, offered 
another means for testing for complement-fixation, if the anticomplemen- 
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tariness of fertilizin were lost by the conversion. However, in three experi- 
ments that were run the univalent fertilizin was found to be just as anticom- 
plementary as the unaltered agent. In addition its effect on complement 
was likewise found to be neutralized by antifertilizin. 

Component of Complement Involved—Complement is known to be com- 
posed of two heat labile and two relatively heat stable components, now 
designated,'*'5 respectively, C’l (mid-piece), C’2 (end-piece), C’3 (third 
component) and C’4 (fourth component). Guinea-pig serum that had 
been heated at 56°C. for '/2 hour to inactivate C’1 and C’2 was found to be 
capable of reactivating complement that had been inactivated by fertilizin. 
Also, such heated serum neutralized the sperm-agglutinating power of 
fertilizin and agglutinated the intact sea-urchin eggs. Serum absorbed 
with yeast (* p. 16) to remove C’3 was likewise found to be capable of reac- 
tivating fertilizin-inactivated complement and agglutinating the eggs, 
while serum treated with ammonia'® to inactivate C’4 lacked the ability. 
These results are illustrated in table 2 which contains the data of one of 
four similar experiments. It is clear, then, that fertilizin combines with 
C’4. 

Failure of Antifertilizin to Act as C’4.—A reasonable interpretation of 
the fact that antifertilizin and C’4 can displace one another from com- 
bination with fertilizin is that both possess very similar combining groups. 
On this basis one would expect antifertilizin to be capable of acting as a 
substitute for C’4 in the hemolytic system. Attempts were therefore made 
to reactivate ammonia-treated guinea-pig serum by the addition of anti- 
fertilizin. The results (table 2) were consistently negative, however. 
This might mean that while antifertilizin resembles C’4 in some respects 


TABLE 2 


REACTIVATION OF FERTILIZIN-INACTIVATED COMPLEMENT AND TEST OF ANTIFERTILIZIN 
For C’4 AcTIvITY 
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it differs in properties that enable C’4 to collaborate with the other three 
components and the sensitized cells in the hemolytic system. Another 
interpretation is that the mutual displacement is due, not to similarity of 
combining groups of antifertilizin and C’4, but to sufficiently close prox- 
imity of combining sites on the fertilizin molecule so that union with one of 
them inhibits union with the other. 

Summary.—The fertilizin obtained from sea-urchin eggs is found to be 
highly anticomplementary. There is no evidence for complement-fixation 
in its interaction with antifertilizin from the species sperm, but instead 
there appears a new type of phenomenon which is termed ‘‘Complement 
Release.’’ This consists in the liberation by antifertilizin of complement 
that has been bound by fertilizin or in the neutralization by antifertilizin 
of the anticomplementary action of fertilizin. The effect is a quantitative 
measure of the interaction of fertilizin and antifertilizin. Only the fourth 
component (C’4) of complement is involved and the results may imply 
chemical similarity between C’4 and antifertilizin. However, antifertilizin 
cannot replace C’4 in the hemolytic system. 


I am indebted to Professor Sterling Emerson for his generous coépera- 
tion and advice in this work. 


* This investigation was aided by a grant from the Penrose Fund of the American 
Philosophical Society. 
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WHITE PIGMENTARY EFFECTORS (LEUCOPHORES) IN 
KILLIFISHES 


By E. F. B. Fries 
DEPARTMENT OF BIOLOGY, THE City COLLEGE, NEw YorkK 
Communicated September 1, 1942 


In interpreting their observations on birefringent materials in the scales 
of Fundulus heteroclitus examined with polarized light, Shanes and Nigrelli 
(1941) seem to deny the morphological individuality of what Odiorne 
(1933) calied guanophores. After first identifying the birefringent masses 
they observed as the guanophores of Odiorne, they advocate the con- 
clusion that the doubly refractive material is an integral part of the scale 
melanophores and xanthophores. The question thus raised as to the 
status of the guanophores, about which relatively little is known (Parker, 
1940), may lend heightened interest to observations of mine on certain 
similar integumentary structures found in other, related species. In any 
event, these observations add to available pertinent information concern- 
ing species found very useful for study of the complexities of the hormonal 
and nervous control of their often independently responding different kinds 
of pigmentary effectors. 

While a guest in the U. S. Fish and Wildlife Laboratory at Beaufort, 
N. C.—where I was hospitably and helpfully accorded all facilities by the 
Director, Dr. H. F. Prytherch—I had occasion to study the chromato- 
phores of the dorsal aspect of local Cyprinodontidae, especially the striped 
killifish, Fundulus majalis Wahlb. Very numerots, cayenne. 
whitish structures at once attracted my attention. 

The component material that made these bodies conspicuous in F. majalis 
was not iridescent and appeared to share actively in chromatic adjustments; 
also, they occurred in addition to iridescent bodies as well as melanophores 
and xanthophores. They resembled published photographic representa- 
tions of the ‘‘guaninophores”’ (Ginsburg, 1929) and silvery halolike “‘irido- 
somes” (Sumner and Wells, 1933) of Lebistes, which is classed in the 
same order as Fundulus, and were evidently the same kind of chromato- 
phore as these and as the ones Odiorne described in F. heteroclitus. 

Odiorne adhered to long-established views in classing the non-iridescent 
structures as guanophores. His conclusion that the minute, not obviously 
crystalline particles characterizing their contents was probably guanine 
rested on comparative grounds laid down in papers too numerous to relate 
(but traceable through the bibliographic citations given by Odiorne, 
Sumner and Wells, Ginsburg, and’ Foster). For my part, I did not deter- 
mine by chemical means whether the whitish material in the structures 
that are the subject of the present paper was guanine. But there seems 
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to be no reason to doubt that it is the same as one of the forms in which 
MacMunn, for example, by his extensive chemical and cytochemical tests, 
identified guanine in divers teleosts (Cunningham and MacMunn, 1893). 
Modern analytic methods have not led to revision of the older determina- 
tions of guanine in different integumentary granules, etc., of whitish, 
silvery or iridescent appearance (Peschen, 1939; cf. also Millot, 1923). 

Although the non-iridescent chromatophores in question would accord- 
ingly be guanophores, it seems to me preferable to call such bodies leuco- 
phores, i.e., white or colorless chromatophores. This designation, first used, 
it seems, by Keller (1895) in reference to similar structures in the cha- 
meleon, usefully indicates their distinctive chromatic character and does 
so without further (and perhaps rash) implications. It is more logically 
alternative to iridocyte, iridophore or iridosome than is guanophore, since 
the iridescent material of the former is just as probably guanine (in crystal- 
line form) and justifies classing them as another type of guanophore, as 
Odiorne himself did. In construction and meaning, /eucophore corresponds 
advantageously to xanthophore, erythrophore, etc., terms that conveniently 
distinguish chromatophores according to their color without reference to 
the chemistry of their pigments, which is not necessarily the same for 
chromatophores of one color. 

Unlike F. heteroclitus, in which the ‘‘guanophores” occur only by rare 
and isolated exception in the outer dermal layer with its rich studding of 
melanophores, F. majalis is abundantly equipped with these white chro- 
matophores, or leucophores, in the outer dermal layer over the dorsal and 
dorsolateral aspects of the whole body excepting the fins (into which few 
stray). Both species have also iridophores, commonly combined as 
iridosomes (which, like Odiorne, I distinguish from the “‘iridosomes’’ that 
Sumner and Wells record for Lebistes). The leucophores of F. majalis are 
characteristically, at least in the outer layer, closely associated with 
melanophores and melaniridosomes (described for F. heteroclitus by Foster, 
1937); their central masses lie next internal to and usually hidden by the 
associated pigmentary bodies. Most of these outer chromatophores and 
chromatophore complexes are aggregated in diagonal bands crisscrossing 
the back and sides much the same as in Lebdistes (cf. photographs of Sumner 
and Wells); they are grouped in less geometric pattern over the head. 
Intervening gaps of skin are rather transparent as deep as the inner dermal 
chromatophore layer beneath the scales, which is characterized by many 
more massive iridosomes or clusters of iridocytes and often larger and less 
delicately branched melanophores than those of the outer layer. (Super- 
ficial to all the other chromatophores is a sparse sprinkling of mostly 
smaller, simple melanophores. The relatively small but numerous xantho- 
phores occurring both within the inner layer and just under the main 
outer dermal layer of other chromatophores, are fairly accessible to view 
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in the gaps of the latter.) Exceptionally, a leucophore of the outer dermal 
layer may occur apart from any melanophore or melaniridosome. The 
existence and mode of occurrence of these teleostean white chromatophores 
recalls certain Crustacea described as having polychromatic chromato- 
phores including a white component and other species having white pig- 
ment in separate, or monochromatic, chromatophores (for bibliography, 
see Parker’s review, 1940). 

To determine whether the leucophores, combined or separate, do in 
fact play an active réle in color changes shown macroscopically by the 
striped killifish, I tested them for response to background, i.e., to bottoms 
of different shades and hues. These were provided by 8-inch and 10-inch 
glass culture bowls painted externally with enamel (black, white, yellow 
or light blue). I enclosed each fish for observation in a shortened test 
tube opened to admit inflow of water at the head end and half-stoppered to 
permit outflow at the opposite end (Butcher, 1939). With the tube held in 
place, immersed in sea water in a painted bowl, by a metal strap pinched 
on the end away from the fish’s eyes, the dorsal chromatophores could be 
examined through a binocular dissecting microscope, while the fish stayed 
in a situation inducing continued chromatic response to the given color. 
The bowls stood inside a window exposing the fish to a broad expanse of 
diffuse daylight. A Spencer ‘‘universal’’ microscope lamp provided good 
illumination of the microscopic field from above, without interfering de- 
tectably with the pigmentary adjustments called forth by the colored 
bowls. 

The critical tests involved two male and four female F. majalis about 7 
cm. long. In each, a group of favorably exposed chromatophores was 
selected for ready recognition and repeated inspection as the fish stayed 
now in one, now in an oppositely colored bowl. Such exchanges between 
black and white environments established the fact that the leucophores 
concentrated their ‘‘pigment” in response to the black and dispersed it in 
response to the white. After a stay of two hours or longer over the white 
bottom, the visible contents of every leucophore was spread finely through 
a delicate lacework of processes extending from the leucophore’s center; 
they partly overlay the now concentrated pigment of the melanophores, 
obscuring them and the other chromatophores. When the fish was trans- 
ferred to a black dish, the black pigment spread out in a few seconds part- 
way into the melanophore processes, thereby covering up much (but not 
yet the farthest processes) of any associated leucophores. The gray- 
whiteness of the slenderest and most peripheral lacy processes of each 
leucophore disappeared almost simultaneously. The means of this dis- 
appearance could not be the screening effect of the melanin, which was not 
yet so widely dispersed. As the melanophores continued showing rapid 
pigment spread, a markedly slower centripetal accumulation of the white 








VoL. 28, 1942 ZOOLOGY: E. F. B. FRIES 399 


material was discernible in the leucophores (usually increasingly obscured 
by the melanophores, but with substantial opaquely white stumps often to 
be seen between the roots of the melanophore processes). After longer 
sojourn over black, the melanophores in the maximum pigment dispersal 
never duplicated the gossamerlike appearance characterizing the leuco- 
phores in their maximum dispersal. The extreme dispersed form of a 
melanophore was not identical with that of its associated leucophore. 
Evidently the processes of the two were complexly interlaced, not confluent. 
Upon reverse transfers of the fully black-adapted fish to a white or other 
pale bowl, a great reduction of melanin dispersal occurred in a few seconds, 
whereas it took longer for the white processes to appear; and the melanin 
concentration seemed practically complete well before the dispersing re- 
sponse of the white chromatophores approximated its maximum. The 
leucophores took more than half an hour (at about 20°C.) to bring their 
dispersing change close to completion; this was twice as long as the 
melanophores required for equivalent pigment concentration. Whether, 
indeed, the leucophore changes consisted of such dispersing and concentrat- 
ing migrations of particles outward and inward in the processes as are 
familiar in melanophores could not be seen with the magnifications used 
(higher than 3.4X objectives and 12.5X oculars proved impractical, es- 
pecially because of the fish’s breathing movements). In any case, the con- 
clusion seems clear: the leucophores of this species are active effectors; 
they assist in the color changes whereby the fish becomes less conspicuous 
over different grounds and they do so by responding, inversely as com- 
pared with the quicker reacting melanophores, to the shade of the bottom. 

Examination of the leucophores after similar sojourns over, and trans- 
fers between, yellow and blue revealed no sure differences. Comparative 
examination of six fish macroscopically well adapted to blue and a larger 
lot of others well adapted to yellow added support to the conclusion that 
leucophore changes are probably correlated only with the shade and not 
with the hue of the environment. There appeared at most a mere sugges- 
tion of more filmy, extreme, leucophore dispersal and complete screening 
of the black and iridescent chromatophores in the blue than in the yellow 
fish; such an apparent difference might be illusory, resulting from the 
condition of the other, deeper-lying pigments (the dorsal xanthophores 
showed decided pigment dispersal in the yellow, versus concentration in 
the blue, fish). 

Leucophores are very plentiful, in addition to iridophores, also in the 
sheepshead minnow, Cyprinodon variegatus Lacépéde. They occur apart 
from melanophores less rarely than in F. majalis. This made it easier to 
determine that they quickly initiated dispersal in response to white and 
concentration in response to black. One of these fish, 3 cm. long, was 
tested through repeated stays in the black, white, yellow and blue bowls; 
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it showed no significant difference from F. majalis in the behavior of the 
leucophores. It was particularly in Cyprinodon, however, that a close 
relationship between iridophores and non-iridescent leucophores was indi- 
cated by a similarity of the reactive leucophores, in size and glitter of some 
of their contained bodies, to the same fish’s iridophores, which were un- 
reactive (constant in form). 

Intraperitoneal injections into eight F. majalis of eigotamine tartrate 
(0.01-0.03 ml. of Sandoz’s ‘‘gynergen”’ per gram of fish) demonstrated that 
the response of the leucophores can take place without the opposite 
changes occurring in the melanophores.* While the latter remained in the 
concentrated state regardless of what vessel the fish was kept in, the leuco- 
phores still effected concentration in the black bowls and dispersal in the 
white. The demonstration was especially convincing in the case of two 
fish that had been hypophysectomized fifteen days before the ergotization. 
After a two-hour stay over black or white, following transfer from the 
opposite color, repeatedly in these fish the leucophores responded as al- 
ready described, while the melanophores remained practically punctate. 
Assuredly, then, whatever the longer-term biochemical relation may be 
between the black and white chromatophores, and however intimately 
they are associated, the white chromatophores are not undissociable parts 
of other chromatophores, but chromatically individual functional entities, 
significant especially for the maximum pallor achieved in this species. 
Their resemblance to the independently reactive white pigmentary effec- 
tors of crustaceans accordingly embraces their function. 

It follows from these results of ergotization that the mechanisms mediat- 
ing the presumably visually initiated response of the leucophores to pale or 
dark ground colors must differ from those subserving the similarly adaptive 
changes of the melanophores and xanthophores. That the mechanisms 
exclude direct innervation of the leucophores suggests itself but is unproved 
by present data, since the ergot dose that blocks melanophore changes 
does not paralyze such nervous functions in the fish as equilibration, 
breathing, etc. On the other hand, it follows from the same experiments 
performed on pituitaryless fish (five of the eight that were ergotized) that 
the leucophores do not depend on variation in the supply of a pituitary hor- 
mone for their changes in response to the shade of the bottom. 

Summary.—White chromatophores like the non-iridescent guanophores 
of Fundulus heteroclitus, but preferably called leucophores, are abundant 
in the outer derma of F. majalis and Cyprinodon variegatus. 

They participate actively, but slower than the melanophores, in chro- 
matic responses to “backgrounds,” effecting concentration of their whitish 
contents in fish kept in a black bowl and presenting a very different, dis- 
persed appearance, which augments pallor, in those kept over a white, 
light blue or yellow bottom. 
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Ergotization of F. majalis kept the melanophores in the concentrated 
state without stopping the ieucophore changes. This confirmed that the 
leucophores are functionally individual, rather than integral pertas of the 
melanophores with which-most are combined. 

They do not (in F. majalis) depend on the pituitary for comtinthon of 
their responses. 


* A fuller report of the effects of ergotamine on the several chromatophores in this 
species is in preparation for publication elsewhere. 
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DISTORTION OF STRATIGRAPHIC THICKNESSES DUE TO 
FOLDING 


By Ernst CLoos 
DEPARTMENT OF GEOLOGY, THE JOHNS HOPKINS UNIVERSITY 
Communicated August 22, 1942 


Introduction.—Discussions of causes or mechanism of folding include as 
one vital component the thicknesses of the folded strata. Geosynclines, 
troughs or furrows are regions in which sedimentation has led to greater 
stratigraphic thicknesses and out of which folded zones, like the Appa- 
lachians, emerge. Thousands of papers have been written with the as- 
sumption that thicknesses as measured today are indicative of and permit 
conclusions of depths of troughs, basins of sedimentation, location of 
geosynclines, correlation of increase or decrease of thicknesses of forma- 
tions and many others. Swells and deeps within geosynclines have been 
discussed and Schuchert’s paleogeographic maps are well known to every 
geologist. The concept of the geosyncline has become one of the pillars 
on which tectonic speculation rests. The author, however, feels obliged to 
cast some serious doubts on the underlying assumptions which are con- 
tained in the determination of stratigraphic thicknesses. 

The general assumption may be phrased simply as follows: “Folding 
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(of the Appalachian or Alpine type) occurs in troughs or geosynclines where 
sediments are thick.’”’ But the question may also be put as follows: 
“Sediments are thick because they are folded.’”’ Little attention has been 
paid to the latter possibility and nobody as yet has eliminated it definitely. 
The author realizes, of course, that lateral shortening leads to thickening 
of the crust. Thickening of beds in anticlinal crests has long been recog- 
nized but the question arises whether or not thicknesses as measured in 
folded regions are thicknesses of deposition. In the following the author 
tries to show that “‘established’”’ sections may be incorrect and that much 
of our knowledge of geosynclines may be based on alarmingly scant evi- 
dence. 

Method of Investigation.—Ii stratigraphic thicknesses as measured today 
do not indicate thickness of sedimentation or depths of basins, they must 
be altered secondarily during folding. This leads to an investigation of 
deforming processes and quantitative determinations of deformation. The 
second step in the analysis consists of a comparison of measured thicknesses 
as described in the literature with known deformational distortion. Inci- 
dental to this phase is a critical analysis of some of the better known 
recorded thicknesses. 

The author cannot possibly treat the enormous literature compre- 
hensively here and only wishes to call attention to some of the principles 
involved. He feels justified in presenting the data because the problem is 
vital and far-reaching and the consequences should be called to the atten- 
tion of the field geologist who deals with folded sediments. 

The discussion is restricted to a rather small area in the Appalachians 
but applies everywhere. Quantitative measurements of the deformation 
of odlites were undertaken in Maryland and Pennsylvania in Cambro- 
Ordovician limestones under a grant by the Geological Society of America. 
A detailed and comprehensive account on that work will follow later. 

Folding.—Folding is meant to include the formation of folds of any kind, 
the bending of strata into anticlines and synclines whether symmetrical, 
overturned, recumbent, parallel or isoclinal. It includes the formation 
of a flow cleavage more or less parallel to the axial plane and relative move- 
ments on these planes. Shear folds and rock flowage as shown in thicken- 
ing and thinning of beds within portions of folds is included. Deformation 
by fracturing, faulting, jointing, etc., are excluded for the present purpose. 

Inasmuch as the distortion of stratigraphic thickness forms the main 
topic of discussion, such processes as may contribute to this distortion are 
included. 

Rock Flowage.—Rock flowage is that portion of non-elastic deformation 
which occurs without fracturing. It includes rearrangement of minerals 
(recrystallization), formation of flow cleavage, migration of materials from 
limb to crest in a fold, elongation of components like ooids, pebbles, 
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fossils or amygdules. It is rarely entirely free from minute fracturing 
as seen in quartz grains, undulatory extinction or mineral cleavage. By 
flowage, the author means to describe the process which deforms beds with- 
out destruction of continuity of bedding. Intensity of flowage varies 
greatly and bedding may seem entirely unaffected or in intense deformation 
may be completely obliterated as, for instance, in crystalline schists. But 
inasmuch as no geologist places much confidence in measurements of 
stratigraphic thicknesses in recrystallized rocks, they are not here discussed. 
All formations included here are known as generally non-metamorphic and 
fossiliferous. 

Flowage manifests itself in rearrangements of minerals at varying 
degrees of intensity, and in close relation to the folds in which it takes 
place. It culminates in flow cleavage which becomes prominent if the re- 
orientation is sufficiently intense. Systematic investigation of odlitic 
limestones west of South Mountain in Maryland has furnished quantita- 
tive data on the amount of deformation necessary to make cleavage visible. 
The minimum ratio of the long axis of an elongated ooid over the shortest 
axis is 1.25:1, if cleavage is barely visible in the field. A ratio of 2:1 shows 
excellent cleavage and it reaches 7:1 beyond which ooids cannot be 
measured because of their destruction. 

In quartzites deformation is also visible and strongly elongated quartz 
grains have been measured. The micas, however, ‘‘lubricate’’ the system 
and protect the quartz. If deformation is sufficient, quartz schists occur. 

A systematic investigation of flowage in sandstones and quartzites in 
the central Appalachians by R. Fellows is well under way. In the Wever- 
ton quartzite, elongations of well-rounded quartz grains reach 2:1 without 
recrystallization of the entire rock. Cleavage is coarse but well visible, 
bedding is uninterrupted. 

In shales cleavage is readily formed and measurements of crinoid stems 
in the Martinsburg shale show elongations of 2:1 and more. 

In several hundred thin sections studied so far, cleavage is without 
exception in the direction of flowage. It contains the largest and mean 
axis of the deformation and is perpendicular to the smallest axis. This re- 
lation can easily be seen in deformed ooids and can be measured accurately 
wherever known shapes are available. Its intensity increases with in- 
creasing axial ratio. 

If this ratio is 4:1, the extension of an originally spherical body is 100% 
of its original diameter. The present grain is twice as long and one-half as 
wide. Other ratios permit determination of the proportional amount of 
deformation. This distortion takes place by flowage, and the individual 
units, their boundaries and primary structures can still be studied. 

Flowage, Cleavage and Bedding.—Since flowage results in cleavage, such 
flow cleavage becomes an important criterion in the analysis of the dis- 
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tortion of a bed. Where cleavage transects bedding at high angles, the 
beds have thickened, as is well known in all anticlines or synclines. Crests 
of folds are usually thicker than the limbs and in these crests cleavage is 
at high angles to bedding. On the other hand, limbs of folds are thinner 
and cleavage is at low angles or parallel to the bedding planes. Competent 
beds thicken less than incompetent ones, show cleavage less distinctly, and 
deformation ratios are smaller. Measurements of oolites along the western 
foothills of South Mountain in Maryland and Pennsylvania show, as a 
rule, that cleavage transects bedding at high angles. In this region, which 
comprises the entire Cambro-Ordovician sequence, exaggerated thick- 
nesses can be expected. 

Distorted Thicknesses.—If a type section has been measured at that area 
of an anticline at which beds are transected by cleavage at large angles 
(greater than 45 degrees), it can safely be assumed to be exaggerated. 
Thicknesses measured along limbs of folds are most likely too thin and 
certain incompetent formations may even be missing if they are adjacent 
to competent ones. A comparison of such thicknesses has led to the con- 
clusion that depressions and swells existed within the geosyncline which 
has received the sediments. 

A few examples taken from the literature will show the reliability of such 
conclusions and the necessity of a careful structural analysis in each sec- 
tion which is measured. 

The lower Cambrian Weverton sandstone or quartzite was so named by 
Keith! in 1894. This author estimated a thickness of 500 feet at Blue 
Ridge and 300 feet at Catoctin Mountain. Stose? in 1909 writes: “The 
thickness cannot be accurately determined but their relative positions are 
shown in the columnar sections. The total thickness of the formation, 
computed from dips and width of outcrop is about 1250 feet. The rocks 
are so sheared and metamorphosed that the original bedding and even 
character of the original sediment cannot be determined.” 

South Mountain is a highly asymmetric anticline overturned westward 
and the distortion of bedding mentioned by Stose points toward a high 
angle of intersection between bedding and cleavage. It seems far from co- 
incidental that the estimates of the two authors vary between 1250 and 
300 feet from the crest and limb of the same anticline within one forma- 
tion. 

The Harpers shale is above the Weverton sandstone and was named by 
Keith from Harpers Ferry, West Virginia. In the above-mentioned report 
that author states that ‘“‘. . . in no one (of the exposures) can the thickness 
be measured with any degree of accuracy, for they are folded and twisted 
beyond description. At Harpers Ferry, where the lithological exhibition 
is complete, the section is a hopeless tangle. The cleavage planes dip 
60 to 80 degrees to the southeast, but the bedding can readily be traced in 
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every direction and at every angle. No measure of thickness of any value 
whatever can be obtained here. 

‘(Making a liberal allowance for unrepresented portions and judging 
somewhat from the breadth of its outcrops, a probable thickness of 1200 
feet can be assigned to the formation.” 

Stose describes the Harpers formation on the road from Waynesboro to 
Monterey (Pennsylvania) within the Chambersburg quadrangle as follows: 
“In the Chambersburg quadrangle the most accurate determination of the 
thickness is obtained at the ends of the plunging anticlines northeast of 
Waynesboro and north of Fayetteville where the dips are low and uni- 
form.” The estimate given here is 2750 feet and the author added that 
‘“«,.in most places the rock is a schist.”’ 

The difference between the two estimates is more than 100% and in 
the new road cuts east of Waynesboro the cleavage intersects bedding at 
an angle of about 90 degrees. 

In Adams County, Pennsylvania, Stose describes a similar situation: 
“|... sericite . . . is arranged parallel to the planes along which movement 
of the particles took place during compression and gives the rock its 
schistose character.’’ Here cleavage intersects bedding at an angle of 90 
degrees. The thickness of the formation is estimated as 3000 feet which 
is still more than near Waynesboro. 

The Antietam schist overlies Harpers schist and Keith (14th report) 
states that the best locality for thickness measurements is at the north end 
of Blue Ridge. His estimate is between 500 and 700 feet at Front Royal. 
He states, however, that ‘‘ . . . no better measures than those are known, 
and it would be hazardous to draw deductions from them.’’ Stose comes 
to similar conclusions and estimates about 500 feet for the southern part 
and 800 feet in the northern part of the Chambersburg quadrangle. At 
White Rock the cleavage dips 35 degrees east, bedding 80 degrees west. 
The angle of 65 degrees points toward an exaggerated thickness. 

The Tomstown dolomite was named after Tomstown north of Waynes- 
boro by Stose. ‘The thickness computed from width of its outcrop and 
dip of its beds is about 1000 feet. The dip of the beds is 10 degrees south 
under red shale of the overlying Waynesboro formation.” This thickness 
is also computed in an anticlinal nose. An investigation of oolite deforma- 
tion at this locality shows intense elongation within the axial plane. The 
ratio is approximately 4:1, thus indicating an exaggerated thickness of 
100%. 

The Waynesboro formation as named by Stose overlies the Tomstown 
dolomite at Waynesboro. The beds are flat lying and were computed to 
be 1000 to 1750 feet thick in this area which is also a portion of the same 
anticline. : 
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The Elbrook formation was named by Stose after the village of Elbrook, 
5 miles northwest of Waynesboro (Chambersburg quadrangle). Here 
two computations from an asymmetrical syncline furnished a mean thick- 
ness of 3000 feet. Unfortunately, the author did not name the two values. 
This region is in an area in which odlite ratios vary between 1.5:1 and 
2:1. Minor folding obscures the picture and an evaluation of this estimate 
is not yet possible. 

The overyling Conococheague limestone was first measured in a section 
west of Scotland (Chambersburg quadrangle) as 1635+ by Stose. Here 
bedding dips 70 to 80 degrees west and a strong transecting cleavage dips 
20 to 30 degrees east. An excellent odlite bed is exposed east of the rail- 
road bridge and its deformation was determined in thin sections. The 
average ratio of the longest over the shortest axes of ooids is 2.04:1 and 
the actual amount of extension in reference to a unit sphere is 55%. The 
bedding planes are intensely crumpled, offset and disarranged but still 
excellently visible. Inasmuch as the angle between maximum elongation 
and bedding is between 80 and 90 degrees, it stands to reason that the 
beds have been thickened by 50% and thus the original thickness ex- 
aggerated by at least 540 feet. 

Many more examples can be cited for the whole paleozoic section of the 
Appalachian area. It seems strange that so many type sections have 
been computed or measured without structural considerations or descrip- 
tion of the attitude of cleavage in relation to bedding. There seems little 
doubt that many such sections should be reéxamined. Conclusions drawn 
from them are of rather doubtful value. 

Distorted Bedding.—lIf cleavage as a plane in which flowage takes place 
transects bedding, it tends to distort it and finally obliterate it. Where 
cleavage is intense it provides avenues for the introduction of new ma- 
terials like quartz, calcite or dolomite. _The whole rock tends to appear 
different from the same formation elsewhere. Fossils become distorted or 
obliterated. Even changes in “lithology” may be produced by transecting 
cleavage planes. One of the best examples may be found in Hagerstown 
valley west of South Mountain uplift. The limestones west of the Martins- 
burg shale belt differ from those in the east probably less because of litho- 
logic changes but because the deformational ratio and thus the intensity of 
cleavage increases from west to east. West of the Martinsburg shale it 
does not exceed 1.5:1 and to the east it reaches 7:1 in the Conococheague 
limestone. Many workers have also noted that in the east fossils are 
scarce! 

Conclusions.—Wherever thicknesses are measured or computed, they 
are cited as observed in the field and listed. Thus after insertion into the 
literature, these values are used by others as basis for far-reaching con- 
clusions, correlations and speculations. Once “established” such values 
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become factual data in spite of the original author’s careful restriction or 
repeated warnings as, for instance, those cited above. 

A study of the literature shows, however, that references to flow cleav- 
age are extremely rare and that almost no description considers the dis- 
tortion of beds due to folding and rock flowage as indicated by flow 
cleavage. It would be highly desirable to determine distortion or flowage 
quantitatively but this is unfortunately rarely possible. It is feasible where 
odlites, pebbles, fossils or other known units are present and distorted. 
But even where quantitative analysis is impossible, it seems essential to 
know the direction, intensity, quality and general behavior of flow cleav- 
age in a measured or computed section. 

About 12,000 feet of sediments have been measured or computed in the 
above-cited example. Cleavage transects bedding at high angles wher- 
ever these determinations were made. Odlite measurements in the lime- 
stones show elongations of 100% in this area and quartz grain elongation 
is 50%. It seems quite possible that the total thickness is, therefore, not 
12,000, but 8000 feet or less. 

Where sections are described in the literature without complete struc- 
tural data, they represent present thicknesses but they do not necessarily 
represent thicknesses of deposition; they tell nothing about the original 
depth of the geosyncline, trough or furrow, or the shape of its floor; they 
do not permit calculation of rate of deposition; and in general do not per- 
mit deductions of any kind which assume that present thickness equals 
or resembles the thickness of that formation prior to folding. 


1A. Keith, U. S. G. S., 14th Annual Report, p. 328, 1894. 
2G. Stose, U. S. G. S., Chambersburg folio, 1909. 


THE PERMUTATION GROUPS OF A GENERAL DEGREE 
By G. A. MILLER 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated September 4, 1942 


Although group theory as an autonomous science originated with the 
study of permutation groups these groups present many difficulties which 
have not yet been overcome notwithstanding the fact that when only 
groups of small degrees are considered the study of the permutation groups 
is remarkably simple. One reason why the permutation groups of small 
degrees were the first to receive much attention is that these groups are 
the only ones which require consideration in the theory of the algebraic 
equations of small degrees. As these equations naturally were the first to 
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be deeply studied by the early mathematicians it resulted that the prop- 
erties of the permutation groups of small degrees attracted the attention 
of those working along this line long before a general theory of permuta- 
tion groups received much attention. 

In the case of the intransitive groups of the general degree m those in 
which each of the systems of intransitivity is of degree 2 are the simplest 
since they are obviously abelian and of type 1”. Hence their structure is 
relatively simple from the standpoint of abstract groups. In particular, 
the total number of such abstract groups whose orders do not.exceed 2” is 
known to be m + 1 if the identity is included among these possible groups 
for a particular value of m. On the other hand, the determination of all 
these permutation groups involves difficulties which increase rapidly with 
the increase of the value of m even in this relatively simple category of 
groups. It should be noted that while two abstract groups are regarded as 
the same group whenever they are simply isomorphic two permutation 
groups are regarded as the same only if they satisfy the additional condi- 
tion that they can be transformed into each other by means of permutations 
on the letters involved. 

Among the permutation groups which involve only transitive constiu- 
ents of degree 2 those in which all the permutations besides the identity 
are of the same degree constitute a fundamental special category to which 
we shall at first restrict our attention. It should be observed that both the 
degree and the order of such a group are necessarily even numbers. In 
fact, the order is clearly always a power of 2 and hence it may be assumed 
to be of the form 2”. There is evidently one and only one such group of 
order 2 for every even value of and hence it will be convenient to assume 
in what follows, unless the contrary is explicitly stated, thatm > 1. It will 
be found, in particular, that 2 is the only order for which there exists such 
a group for every even degree. 

Since the average number of letters in all the permutations of a group 
of degree n is always equal to this degree diminished by the number of the 
transitive constituents of the group it results that when each of the transi- 
tive constituents of the group of degree m is of degree 2 then the average 
number of letters in all of its permutations is m/2. It results, therefore, 
that when each of the permutations besides the identity is of the same de- 
gree and the order of the group is 2” the degree of the group must be a 
multiple of 2” — 1 since each of the permutations besides the identity 
must contribute the same number of letters towards bringing the number 
of letters of the identity up to the average. As this average is n/2 there 
results the following theorem: In every permutation group in which all the 
permutations besides the identity are of the same degree this degree is an even 
multiple of 2” — 1, where 2” is the order of the group. 

In order to simplify the considerations which relate to the general case 
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as regards the number of the possible groups we shall at first restrict our 
attention to the simplest remaining case, namely, the case when the order 
of the group is 4. In this case 2” — 1 is 3, and, according to the theorem 
noted in the preceding paragraph, the degree of the group is an even mul- 
tiple of 3 and hence a multiple of 6. We may therefore represent it by 
6k. When k = 1 there is one and only one such group, viz., the group of 
degree 6 and of order 4 which involves three permutations of degree 4. By 
establishing a 1,1 correspondence between two such groups we obtain a 
group of degree 12 in which all the permutations besides the identity are 
of degree 8. In a similar manner we can obtain a group of degree 18 in 
which each of the permutations besides the identity is of degree 12. This 
process may be repeated indefinitely so as to obtain a group corresponding 
to an arbitrary multiple of k. The fact that there is only one group in each 
case can perhaps be best seen by considering the general situation. 

In general, the degree of the groups is 2k(2™ — 1) = m and the average 
number of its letters is k(2" — 1). This is therefore the number of letters 
which its 2" — 1 permutations which differ from the identity must make 
up for the identity to bring the number of its letters up to the average. 
That is, each of these permutations must make up & letters for the iden- 
tity and its degree must therefore be k-2". The total number of letters in 
all the permutations of the group is k2"(2™ —- 1). This proves the follow- 
ing theorem: Jf each of the transitive constituents of a permutation group of 
degree n is of degree 2 the group is abelian and of order 2”. If, moreover, all 
the permutations of this group, besides the identity, are of the same degree then 
this degree is k2”, and the degree of the group is 2k(2" — 1). The total number 
of letters in all the permutations of the group is k2™ (2" — 1). 

To see that for every pair of integral positive values of k and m there is 
one and only such group it may be desirable to form the group in the fol- 
lowing manner. Construct a permutation of degree k-2™ on k sets of 2” 
letters each. Then add thereto a similar permutation on one-half of each 
of these & sets of letters and the same number of additional letters. These 
two permutations generate a group of order 4. If m exceeds 2 divide each 
of the given half sets into two equal parts again, including the added half 
sets, and add an additional part to the permutation thus obtained. Con- 
tinue this process until the total number of letters obtained is 2k(2" — 1), 
or until only 2 letters are added to letters of the extended sets. From this 
construction it results directly that there is only one such permutation 
group. That is, the following theorem results therefrom: For every pair of 
positive integral values of k and m there is one and only one permutation group 
of order 2” and of degree 2k(2" — 1) which has the property that each of its 
transitive constituents is of degree 2 and that all of its permutations besides the 
identity are of the same degree. 

This interesting category of permutation groups has a number of striking 
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properties due to its unique character. In particular, if two subgroups of 
such a group are of different orders they are also of different degrees and 
the subgroup of the larger order is also of the larger degree. This results 
directly from the method of constructing these subgroups as noted in the 
preceding paragraph. From the same method it follows that when two 
subgroups are of the same order they are also of the same degree. When 
the order of such a group exceeds 2 the group is positive since at least half 
of the permutations of every permutation group are positive. If the order 
of a proper subgroup of such a group is 2", m > m,, then it follows that the 
degree of this subgroup is an even multiple of 2" — 1. For instance, when 
m = 3 and k = | the degree of the group is 14 and the degree of the sub- 
groups of order 4 is 12 while the degree of the subgroups of order 2 is 8. 

It was noted above that for every even degree, there is at least one such 
group, viz., the group of order 2, and that this is also the only such group 
whose degree is a power of 2, while for degree 6 there are two such groups 
which are of orders 2 and 4, respectively. The lowest degree for which there 
are more than two such groups is 42. In this case there is a group of each 
of the orders 2,4, 8. There is clearly no upper limit to the number of such 
groups which may exist for a given even degree and involve exactly this 
number of letters since this number is equal to the number of its different 
factors of the form 2” — 1 for different values of m. While this category 
of groups is not very dense the fact that there is no upper limit for the de- © 
grees of the groups which belong to it and the great simplicity of the deter- 
mination of these groups as permutation groups make the category of 
theoretic interest. As their orders increase the difference in the degrees of 
these groups increases and the category emphasizes that only a slight pene- 
tration into the general theory of permutation groups has yet been made 
notwithstanding the age of this theory. 


THE STRUCTURE OF ALGEBRAIC MODULS 
By GERALD HARRISON 
CALIFORNIA INSTITUTE OF TECHNOLOGY 
Communicated August 4, 1942 


Introduction.—The abstract motion of a lattice, together with added 
structural restrictions such as the modular identity, first appeared in 
Dedekind’s study of algebraic numbers. Dedekind showed that the free 
modular lattice generated by three elements is of order twenty-eight,! and 
exhibited sets of three quadratic moduls which actually generate it. 
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Though the free modular lattice on four generators is infinite, the free 
lattice generated by any finite number of submoduls of a modul of finite 
order is finite. The finite basis together with a certain simplicity in the 
covering relation leads to a direct product decomposition for such moduls 
into lattices of a comparatively simple type, but the distinctive property of 
this decomposition is its multiplicative character. 

Algebraic moduls have a naturally definable multiplication which leads, 
as Dedekind showed, to the ideal theory of algebraic number rings, and 
suggests a further study of the multiplicative properties of moduls. Al- 
though algebraic moduls satisfy certain lattice-multiplicative identities 
(e.g., a(b Uc) = ab U ac), the connection between the lattice property of in- 
clusion and the multiplication is much looser than in ideal theory.” 

Notation and Definitions —We use the usual U and f) notation of lattice 
theory.* a covers b means a ¥ band that a2c2> bd implies a = core = b. 
The modul with basis elements w;, we, ..., w,, all of which are of infinite 
order, is denoted by (wi, we, ..., ,). It is known that if w1, we, ...,w, are 
linearly independent over the integral domain of rational integers, the sub- 
moduls of (w;, we, . . . , #,) can be written in the canonical form 


(Aya, oy, + ‘Aa2W2, wey Agith + Ayia + ... + AnnWp); (1) 


where the a,, are rational integers, anda, Sa,ifj <i <n,k = 1,2,..., 
n — 1, the equality occurring only if ag = ay, = 0. The norm of this 
modul is @y,d22 ... Gan. If p is any rational integral prime, the modul (1) 
covers the following moduls: 


(parr, (der + Ry — 11011). + Aeawe, ..-, (Ant + Rn — ty — 1041) @1 + Agee + 

oe HH Anan) 
(Gy, PA2y0 + PAzewe, (As, + Ry — 21021)@1 + (Ase + Rn — 21 Aee)we + A330, ..., 
(Agi + Rn — 25 n — 2021)@1 + (Ane + Ry ~ 25 n — 2022)W2 + Answs + ... + AnnWn) 
(Gy, Ae, + Arawre, ..., POn — 101 + POn — 122 + ... + Pn — 1 non, 
(dai + Rirdn — 11)@1 + (Gn2 + Rida ~ 12)@2 +... + (Gan + Rude — 1) n)@n) 
(Qy101, A211 + Geowe, ..., PAniw + POn2we2 + ... + PAnnw&n), 


where k,;, 7 < i < m — 1 take on any integer values between and including 
Oand p— 1. Wesay the modul (1) covers these moduls with respect to p. 
Thus each modul covers (p" — 1)/(p — 1) moduls with respect to each 
rational integral prime p, and these are those and only those moduls whose 
norm is greater by the factor p. For example, in the case m = 2 the modul 
(dy, A201 + deqw2) covers the moduls 


(Payor, (der + Rudu)or + dew), ku = 0,1,...,2 — 1 
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and 
(dy101, Pde + Pdrqwe) 


with respect to p. As p runs through all the primes we obtain just once 
each of the moduls covered by a given modul. If we start with the unit 


modul (w, w2, ..., @,) and form all possible successive coverings with re- 
spect to a fixed prime ~, we obtain a sublattice of the lattice of all sub- 
moduls of (w;, we, ..., @,) whose elements are the submoduls of (w, we, ..., 


@,) Whose norm is a power of p. We call such a lattice a p-lattice. The 
“top”’ of the Hasse diagram of a p-lattice is easy to construct in the quad- 
ratic case. 


Decomposition Theorems.—THEOREM I. Let py, po, ..., pi, ... be the set 
of all rational integral primes, corresponding to each of which is a p,-lattice of 
(w1, we, ..., Wn). Then if mis an arbitrary submodul of (wr, we, ..., n); 

m=m,NmN...Nm,N... (2) 


where m,, is the unique modul of the ,-lattice which is the meet of all 
moduls of the p;-lattice which contain m. This representation is unique, 
and if 


n=n,NnN...Nn,N... 
is a decomposition of n, then 


mn = (m,Nn,) N(m Nn) N...N(m,Na)N... 
mUn = (m, Un,) N (m,, Un,) N...N(m, Un, NN... 


Thus the lattice of all submoduls of (w;, we, ..., w,) is the direct product of 
the p,-lattices.* 

The next theorem has been proved for quadratic moduls, but probably 
holds in the mth degree case. 

THEOREM II. Let the unit modul have the form (1, w) where w is a quadratic 
algebraic integer. If mand n are submoduls of (1, w) having the representa- 
tions described in Theorem I, 1.e., 


m=nm,Nmwmn...Am,N... 
n=n Ny N...NwN. 


then mn = mt, N mw, N... Nmny,N.... 


Conclusions.—Some corollaries of Theorems I and II are: 

1. If two moduls are such that at least one of the components with 
respect to each prime is the unit modul, then their product is an ideal. For 
example, the product of (3, 2 + aw) and (7, 2 + w) is an ideal in amy quad- 
ratic ring. 

2. A submodul of (1, w) is a ring or ideal if and only if each of its com- 
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ponents is a ring or ideal, respectively. This reduces the study of the ideal 
theory of (1, w) to the ideal theory of the p,-lattices. 

3. The further study of the multiplicative and lattice theoretic decom- 
positions of moduls may be restricted to their p,-lattice components. 

A more detailed account of the results of this note will be published else- 
where. I wish to express my sincere thanks to Professor Morgan Ward for 
his advice and encouragement in the above work. 


1 Gesammete mathematische Werke, Zweiter Band, Uber die von drei Moduln erzeugte 
Dualgruppe, pp. 236-271. 

2 For example, the product of two moduls may contain, be contained by, or not be 
related through containing to its factors. There exist moduls a such that a does not 
contain a ~ ! but a D a’, s some integer > 1, or even a does not contain a’ ~ 1}, a@ = 
a’, in which case a generates a cyclic group of order s — 1 under multiplication. 

3 Birkhoff, G., Lattice Theory, 1940. 

4 Every representation? has only a finite number of non-unit components. 


SYNTHETIC SOLUTION OF THE INVERSE PROBLEM OF 
DYNAMICS 


By EDWARD KASNER AND JOHN DE Cicco 


DEPARTMENTS OF MATHEMATICS, COLUMBIA UNIVERSITY AND ILLINOIS INSTITUTE OF 
TECHNOLOGY 


Communicated August 18, 1942 


1. Introduction.—In a given plane positional field of force, there are 
o% dynamical trajectories. The direct problem of dynamics is to find the 
trajectories when the field is given. A completely characteristic set of five 
properties of any such system has been given in the Princeton Colloquium. 
The inverse problem proposed and solved analytically by Kasner is to find 
the field of force when either all or only a certain subset of its trajectories 
are known. The result is that a field of force is, in general, completely de- 
termined except for a constant factor by four simple (4 ~') families of tra- 
jectories. The way in which this result is established may be described as a 
method for the geometric exploration of a field of force. 

In this paper, we propose to give a purely synthetic construction of the 
essential problem? of the preceding theorem, which is to find the direction 
of the force acting at a point O when there are given four trajectories with 
distinct tangents at O. This is accomplished by the introduction of a new 
series of lineal elements, which we call a limagon series (of the second kind). 
This is different from the limacon series (of the first kind) discussed else- 
where in a different connection.* The direction of the field of force is 
uniquely determined if the four associated inverted focal elements (relative 
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to an arbitrarily chosen direction) of the four given trajectories do not 
lie on a limagon series. If they do lie on a limagon, the problem is 
indeterminate. 

2. The First Three Properties of a Complete System of ©* Dynamical 
Trajectorves.—In order to solve the problem stated above, it is necessary 
to state the first three of the characteristic set of five properties of a com- 
plete system of dynamical trajectories. 

Property I: If for each of the ~! trajectories passing through a given 
point in a given direction, we construct the osculating parabola at the 
given point, the locus of the foci of these parabolas is a circle passing 
through that point. 

Property II: The focal circle that corresponds, according to Property 
I, to a lineal element E, is so situated that E bisects the angle between the 
tangent to the circle and a certain direction fixed for the given point. (This 
is the direction of the force acting at the given point.) 

Property III: The envelope of the ~! focal circles is a circle (in a 
general position). 

3. The Geometric Determination of the Direction of the Force by Four 
Trajectories with Distinct Tangents——Now we proceed to examine our in- 
verse problem. Let four trajectories with distinct tangents at the point O 
be given. Consider an arbitrary direction at O, and let us see if it can be 
the direction of the force acting at that point. Take the image of this. 
direction in the tangent to the first of the given curves. By Properties I 
and II, the focal circle must be the one through O in the direction so ob- 
tained and through the focus of the corresponding osculating parabola. 
Doing this for each of the four curves, we obtain four focal circles. From 
Property III, we find that this test is correct if there exists a circle touch- 
ing these four. We have then a purely geometric problem: to find a di- 
rection at O such that the four circles constructed by means of it shall 
admit a common tangent circle. 

We may simplify this problem by inverting the configuration considered 
with respect toO. Then there are, instead of four focal circles, four straight 
lines which are to be concylic. As the direction tested is changed, these 
rotate simultaneously through equal angles about four fixed points, namely, 
those obtained by inverting the four foci. 

Take an arbitrary oriented direction for trial. Construct for each of the 
four inverse foci, a direction parallel to the tangent through the point O of 
the corresponding focal circle. We thus obtain four oriented lineal elements 
E,, Ex, Es, Ey, one at each of the inverse foci. The problem! is to turn 
these elements (each about its own point) through some angle a, so that 
the new elements F,’, E,’, E3’, E,’ shall have concyclic lines. Before dis- 
cussing the synthetic construction of this problem, it is necessary to con- 
sider our new limacon series. 
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4. The Limagon Series.—This new series is given geometrically as fol- 
lows. Let a circle I be denoted by its center C and a fixed point 7 on its 
circumference. Draw any (oriented) line t through 7 intersecting this 
circle T again in Q. Let Eo be the lineal element with point at Q and di- 
rection that of 1. Upon applying the slide S,, and then the turn 7, to 
Eo,‘ we obtain the lineal element E. The set of ©! lineal elements E form 
our limacon series L. 

The point o on the circumference of the circle [ so constricted that the 
arc mo has the angular measure 2¢ is the center of the circle to which all 
the lines of the lineal elements of the limagon series L are tangent. The 
radius of this circle is 6 sin ¢. Thus the line-union of L is a circle, and the 
point-union is a limagon. 

For the limagon series L, we shall call T the base circle, the point + the 
pole, the point o the line-center, 5 the determining length, and ¢ the deter- 
mining angle. There are ~* limacon series in the plane. 

Three elements E,, E2, E3, which are not all parallel, determine a unique 
limagon series. 

The pole 7 of our limagon series L is determined as follows. Construct 
the circle C, containing the points of E; and E; and the point of intersection 
of the lines of E; and E;. The three circles so obtained intersect in a single 
point, which is the pole x of L. 

The base circle [' is obtained in the following way. Let 1; be the line 
through the point of E; perpendicular to the line joining + to the point of 
E,. Let x’ denote the center and 6 the radius of the unique circle tangent 
to h, ls, ls. The base circle of our limagon series L possesses the line seg- 
ment mz’ as diameter. 

Of course, the radius 6 is the determining length; and ¢, the constant angle 
that E; makes with the line joining x to the point of F;, is the determining 
angle of our limagon series. 

The center \ of the turbine containing any two elements EF and FE, of a 
limacon series L is on the base circle of L. Also the circle determined by the 
points of Z, and Ey, and the point of intersection of their lines, contains 
the pole x and the center \ of the turbine determined by £; and Es. 

Any two limagon series with congruent base circles are equivalent under 
the whirl-motion group Gz. 

5. The Problem of Making the Lines of Four Elements Concyclic by the 
A pplication of a Turn T..—Now we shall consider the problem outlined at 
the end of Section 3. Let F;, Ee, E3, Ey be four elements not all on one 
limagon series. Let LZ; and Ly, be the limagon series determined by the ele- 
ments (Ei, Es, Es). and (Ei, E2, Es), respectively. The base circles of L; 
and L, intersect in the point A, the center of the turbine determined by EF, 
and Ee, and another point X. The angle of the turn 7, is given by one- 
half the arc from the line-center a; to the point X, that is, arc o;3X on the 








416 MATHEMATICS: KASNER AND DE CICCO Proc. N.A.S. 


base circle of L;. The application of this turn 7, will carry our two lima- 
con series L; and L, into two new ones with same base circles and same 
poles but with a common line-union which is a circle with center at X. 

The application of the inverse turn 7_, to the trial direction, given in 
the last paragraph of Section 3, will yield the direction of the force. 

Of course, if the four elements are on one limacon series, the direction of 
the force is indeterminate. 

6. Conclusion.—We wish to summarize our results in the purely geo- 
metric form. For this purpose, it is found appropriate by Properties I and 
II, to introduce the associated focal element relative to a fixed direction F of a 
differential element of third order through a given point O. At O, let G 
be the lineal element which is the symmetrical image of the fixed lineal 
element F through the direction of the third order differential element. 
The lineal element f’ through the focus of the osculating parabola of the 
third order element so that f’ and G are cocircular is called the associated 
focal element relative to the fixed direction F. Inverting f’ with respect to 
O, we obtain the associated inverted focal element f relative to a fixed direc- 
tion F of the given third order element. 

The direction of the force is uniquely determined by four differential 
elements of the third order with distinct tangents at O if the associated 
inverted focal elements relative to a fixed direction F do not all lie on 
one limacon series. Otherwise the direction is indeterminate. 

If we do not apply an inversion, then the direction of the force at O is 
uniquely determined if and only if the four associated focal elements rela- 
tive to a fixed direction F do not lie on an extended limacon series. This 
new series may be defined as follows. Through the point O and the node 
of a limacgon, draw a circle intersecting the limagon in a point P. (There 
are two such points P.) Construct the lineal element E’ of this circle with 
point at P. The application of the turn T, to this element E’ yields the 
element E. The set of all such elements E is termed an extended limacon 
series. 

Thus we have solved the inverse problem of dynamics in a purely geo- 
metric manner by use of the concept limacon series together with concept 
turbines. All the steps can be carried out with straight edge and compass. 
Hence if we are given a photograph of the entire system of trajectorial 
curves (or a sufficiently large subset of the system) generated by some un- 
known positional field of force, without any record of motion or time, we 
can actually find the law of the field of force. On the other hand, a photo- 
graph of the lines of force would not be sufficient to determine the field. 


1 Kasner, “Differential Geometric Aspects of Dynamics,” Princeton Colloquium Lec- 
tures. Published by the Am. Math. Soc. (19138, 1934). Also Trans. Am. Math. Soc., 
1906-1910. Geometric solutions of the problem of four lineal elements have been in- 
dicated orally to the senior author by J. Wedderburn and J. Douglas. Our dynamical 
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problem should also have a purely projective solution, since the five fundamental prop- 
erties of trajectories are essentially projective. See A. Terracini, Rivista di Mate- 
maticas, 2, 245-329 (1941), for a new elegant discussion of the properties. 

2 If we know the path of a.particle and also the direction of the force acting at each of 
its points, then, assuming the magnitude arbitrarily at one point, it is completely deter- 
mined at all points. This is a quadrature problem. 

3 De Cicco, ‘“The Geometry of Fields of Lineal Elements,’’ Trans. Am. Math. Soc., 
47, 207-229 (1940). 

‘ For the definitions of turns and slides, see Kasner, ‘‘The Group of Turns and Slides 
and the Geometry of Turbines,’’ Am. Jour. Math., 33, 193-202 (1911). Also Kasner and 
De Cicco, ‘“Geometry of Turbines, Flat Fields, and Differential Equations,’’ Jbid., 
59, 545-563 (July, 1937). 


ON THE THEORY OF ANALYTIC CURVES 
By HERMANN AND JOACHIM WEYL 
INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J. 
Communicated August 11, 1942 


In a paper of great importance and beauty,' L. V. Ahlfors has simplified 
and vastly expanded the theory of meromorphic curves inaugurated by the 
authors of this note.?. In the meantime the younger of us had generalized 
the first and second main theorems of our theory to arbitrary analytic 
curves whose parameter p varies over a given Riemann surface H.* The 
following observations will show how by a proper adaptation of Ahlfors’ 
method this more general theory may be brought up to the same degree of 
completion as the special case of the meromorphic curves. 

As in reference 3 let G denote any compact region of # which surrounds 
a given nucleus Gp, and G its complement. We speak of the condenser G 
whose outer conductor is G and whose inner conductor Gp carries unit 
charge. Let g = gg be the potential, which vanishes in G and assumes a 
sonstant value Rin Go. Tobe precise, the space of the condenser is G* — Go* 
\vhere Go*, G* are defined by g = R, ¢ > 0, respectively; for the sake 
oi simplicity we identify Go*, G* with Go, G. The constant R is called the 
potential (or the reciprocal capacity) of the condenser. Ahlfors’ formula 
(19) for the order function 7; is generalized as follows. Let x(p) be our 
curve and ¢a local uniformizing parameter at any point of the Riemann sur- 
face. Form 


Xi} = [x, dx/dt,..., d'—«/d#-, 
Si =2 | xp | _ |X; | 2/ | Xi 4. 


The integral element S;, dt dt is invariant; if one uses any analytic differen- 
tial dz instead of dt one gets an S, connected with S, by the equation 
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S, | dz/dt|? = S,. 
We arrive at this expression for T,, 
T, = SSeS}: dt dt, (1) 


the integral extending over the entire Riemann surface (or over G only). 

Our basic idea is to decompose the space of the condenser into thin 
layers by the equi-potential lines ¢ = ¢;. Fora fixed value g; = R — r the 
inequality g, S ¢ S R defines a region G,, and the condenser G, has the 
potential R — y, = r. The harmonic function ¢ is the real part of an ana- 
lytic function g — io = f in G — Gp» which, to be sure, is not single-valued; 
but the differential df is, and this is all that counts. Use df instead of dt 
in that part of the integral (1) which extends over G — Gp. Omitting the 
index / we form the integral 


Q(r) = SS;-do (do 2 0) 
along the line C,;: g = R—vr. (Here the differentiation d/df in S, really 
amounts to d/do.) The flux through the line, /de, is the total charge 1 
(not 2x; being mathematicians, we use the Heaviside units). The formula 
(1) now reads 


T = AR + fo*e- Q(R — ¢)-de 
= AR + fo®(R — 1) + Q(r) dr, 


where Ao is the integral of S,dt dt over the nucleus G and hence independent 
of G. Applying the formula to the condenser G, we obtain for T(G,): 


T(r) = Aor + So'(r — p) Q(0) dp. 


This proves at once that 7(r) is a (positive increasing) convex function of the 
variable 7 and that 


a@*T/dr? = Q(r). (2) 


The second main theorem has been formulated in reference 3 in two dif- 
ferent forms, first on the basis of a given ‘“‘meromorphic’”’ function z on J, 
and then by means of the intrinsic non-Euclidean metric on % to which 
the theory of uniformization leads. In the first form the meromorphic 
character of the differential dz in G is sufficient, and it is not necessary to 
use the same dz for each domain G. The really important relation arises 
from the choice dz = df. This differential is not defined inside Gp. Hence 
one must apply the fundamental formula to G — Go, and the separate treat- 
ment of Go brings in a topological moment. In the notation used loc. cit., 
we arrive at the Plicker formulas for analytic curves 


Vi + (Ti41 — 27, + Ti-1) = 2,(r) | o” + 2xn 














VoL. 28, 1942 MATHEMATICS: H. AND J. WEYL 419 


in which the compensating term ,(r) is the integral 
Q(r) = '/2f log S/-de (do = 0) 
taken along the line C, and 
n = Zyl) — wR. 


The last sum extends over the ‘“‘critical points’ !, i.e., the zeros of df inside 
G — G (or, what is the same, the zeros of the electric field strength — grad ¢). 
vo is an integer, namely the Euler characteristic of Gp. It is clear that 
n depends on G, but neither on the index / nor on the curve x(p). It corre- 
sponds to the term 2p — 2 in Pliicker’s formulas for an algebraic curve of 
genus p. The value of 7 is little influenced by whether or not one includes 
in the sum critical points w near the outer wall of the condenser where ¢ = 
0. But it seems to violate the law of continuity at the inner wall. How- 
ever, according to M. Morse’s now classical relation, 


Zwl = » + », 
where —» is the Euler characteristic of G. Hence one can write 
1 = —Zp(R — g(w)) + rR, 


a formula in which the critical points near the inner wall ¢ = R count very 
little. Notice the inequality 


—wR Sn SR. 
Again dropping the index / we have 
2Q(r) S log Q(r). 


The potential R(G) of the condenser G increases if G is enlarged, and. 
hence converges either to ~ or to a finite limit Ry under exhaustion of B by 
G (case of infinite or finite total potential). Choose a number x > 1. Con- 
sidering that J’(r) 2 Ao and thus 7(r) 2 Ao as soon as r = 1 we find in 
familiar fashion from (2) that an inequality 


log Q(r) > x? + log T(r) + (x + 1) log C 


with a given positive constant C cannot hold throughout a subinterval of 
1 <r S R of length B/C where 


2Sary—* dy = 2g“ /(x — 1) = B 


is independent of G. Hence in the case of infinite total potential we see that 
there will be values r in a boundary strip R(G) — 8 S r S R(G) of preassigned 
width 8 for which the inequality 


20(r) S x*?.log T(r) + (x + 1) log B/B 
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holds, as soon as R(G) 2 6 + 1. With a given constant b > 1/2 this fact 
prevents a relation like 


O(G) = b - log T(G) 


from holding for all sufficiently large domains G; but it says a good deal 
more about the behavior of 2(G) with respect to log T(G). 

In the case of finite total potential Ry the function gg tends to a limit g with 
the exhaustion of # by G, and it is then natural to use only the regions 
G0 S r < Ry) defined by Ry —-r S$ ge Ro. Almost everywhere, i.e., with 
the exception of an r-set over which the integral of (Ryo — r)~' is finite, 
the inequality 


20(r) < x? log T(r) + (x + 1) log (Ry — 7r)— 


will hold. 

In establishing the defect relations by Ahlfors’ procedure, let us stick to 
our use of the symbol w, as explained for the meromorphic case by formula 
(5.2) of reference 2; it differs from Ahlfors’ usage by an arbitrary positive 
factor K which he adds to the function @. In handling arbitrary analytic 
curves one had better abstain from Ahlfors’ trick of tying up the exponent 
a < 1 with the outer circle R of the annular condenser by the relation 
1— a= 1/T(R). We include the cases of non-general position as in refer- 
ence 3, section 7, by attaching non-negative weights \(E”) to the several 
h-spreads E’ of the given finite set. Ahlfors’ method works best for the 
lowest case of a finite set of /-spreads or ‘‘points’’ c. Set 


|X" -| ¢| 


lixe ql 


mr; c) = S log 


the integral running over the curve C,. Suppose that the weights A(c) 
attached to the points c of the given finite set will load no /-spread by more 
than 1. Then 


ZA(c) {ami(r; c) — m-rlr; c)} + Ar) = 1/20(T)). 
In particular for / = 1 the first term of the left member may be written as 
a-Lym(r; c) 


under the assumption that the points c are distinct. It is remarkable that 
no further restriction on the position of the points cis required. The cases 
h > 1 in which [X', E"] takes the place of [X', c] can also be treated with 
fixed exponents. Ahlfors’ second set of defect relations arises from applica- 
tion to the dual curve of the first set thus obtained. 
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A more detailed account will probably be published in a planned mono- 
graph on analytic curves in the Annals of Mathematics Studies. 


1 Ahlfors, L. V., ‘“‘The Theory of Meromorphic Curves,” Acta Societatis Scientiarum 
Fennicae, Nova Series A, Tom. III, No. 4 (1941). 

2 Weyl, H. and J., Ann. Math., 39, 516-538 (1938). 

3 Weyl, J., Ibid., 42, 371-408 (1941). 


ON THE ANALYTICAL THEORY OF SEMI-GROUPS 


By Erar HILieE 
DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY 
Communicated September 2, 1942 


1. Let E be a complex Banach space, {7,} a one-parameter family of 
bounded linear transformations on E to E defined for s > 0 and having the 
semi-group property 


T.T, = TT. = Ti4n5>0,t> 0. (1) 


In an earlier note! the author announced representation theorems for 
such semi-groups. The present note elaborates one of these results and 
is further concerned with the behavior of 7), for small positive h. 

2. We start with a result on the degree of approximation of J by 7). 
We write A, = (1/h)[T, — I] and put Ax = lim, _, oA,x whenever the 
limit exists in the strong sense. The set of elements x for which the limit 
exists is a linear subspace D(A) which may reduce to the zero-element. 

TueoreM 1. Let ||T7,|| be bounded in every finite interval and put 
supp <3 <a ||Ts|| = Mw). If for a particular x, || (T, — Dx\||— 0 in 
such a manner that lim inf, _, o|| A,x|| = 0 then A,x = 0, 1.e., Tx = x for all 
s>0. If \|\(T, — Dx||— 0 with h for allx « Eand ye D(A), then || Any|| < 
M(h)|| Ay|| or || (Tn — Dy|| < 4M(h)|| Ay]. 

Roughly speaking the theorem asserts that only invariant elements x 
admit of an approximation by 7},x which is of a higher degree than the first 
in h and that first degree approximation is reached by all elements of D(A). 
The boundedness assumption on the norm is satisfied if, for instance, 
|| 7; || is measurable and lim sup, —, 0|| T,||< ©. Ifs=nh+6,0<5<h, 
a simple calculation gives 


SAxx = OA + (T3 + Ts+ a+... + Ts + (nm — 1) n)hApx, 


whence 


|| A,«|| < M(s) lim inf, _, || A,x|| 











422 MATHEMATICS: E. HILLE Proc. N. A. S. 


from which the first assertion follows. A simple case of this part of the 

theorem was proved in an earlier paper.’ For the second part we note that 
d 

if y e D(A) so does T,y and AT,y = T,Ay = s T,y is continuous on the 
s 

right ins. Hence 


Il (Tr — Dy|| = || Lo*TAyds|| < hM(h)|| Ay}. (3) 


This theorem has a number of consequences in various branches of analy- 
sis, in particular in the theory of singular integrals and the summation of 
orthogonal series. Abel-Poisson summability of Fourier series provides 
an interesting example. 

TuHeoreM 2. If f(u) ¢L,(—2, x), 1 < p S ~, or C|—7, x] and its Pows- 
son transform is 


‘3 ™ (1 — r*)f(t + u)dt 
2a 1 — 2rcost +r? 


—_ 


then lim inf, _, ,(1 — r)~"|| f(u) — f(u; r)|| = O implies that f(u) is a con 


stant. Further || f(u) — f(u; r)|| < log (1/r) || f’(u) || whenever f’(u) belongs 
to the space. 

If E is a separable space or, more generally, if the set {7,x},0 <s <o, 
is separable for every fixed x ¢ E, and if w(h) is a given modulus of continu- 
ity, then it is possible to find elements y e E such that ||(T, — D)y|| < 
Cw(h). For this purpose it is enough to choose a numerically valued func- 
tion K(s) such that (i) K(s) « L(0, ~), (ii) K(0) = Oand (iii) | K(s + h) — 
K(s) | < w(h) for 0 < s < @, and to take 


y = fo°K(s)T.xds (5) 


where the integral exists in the sense of Bochner.* 

3. In the preceding note’ a representation theorem was announced 
[formula (2.5) compared with footnote 7]. The assumptions of this theo- 
rem are: (i) J, is weakly measurable, (ii) || 7,|| < 1, (iii) E is separable 
and (iv) 2,7,(E) is dense in E. These assumptions imply, as was stated 
in our note, that (1) || (7, — D)x||— 0 with h for all x, and (2) D(A) is dense 
in E. Now, conversely, if (1) is satisfied, then T, is strongly continuous on 
the right for s = 0 if Ty) = J. This implies (i) and (iv) and also that the 
set {7.x}, 0 < s, is separable for every fixed s. It therefore turns out that 
(1) + (ii) are sufficient hypotheses for the representation theorem which 
can be formulated as follows:* 

TueoreM 3. [f || 7,\| < 1 fors > Oand || (T, — Dx\||— 0 with h for all 
x, then exp (sA,) is a bounded linear transformation such that (1) || exp (SA) || 
< 1,s = 0,h > 0, and (2) 





f(u; r) = i Ge oe ee (4) 











VoL. 28, 1942 MATHEMATICS: E. HILLE 423 


lim, _, 9 || exp (sA,)x — T,x|| = 0, (6) 


uniformly ins,OSsSw<o, 
The proof of (1) follows from 


exp (sA,) = exp (— s/h) exp ((s/h)T;). 
The proof of (2) may be based upon the well-known fact that 


ee 
lim, — we is nl = 1 (7) 


if the summation is extended merely over the terms for which (1 — 6)¢ < 
n S (1 + 54)t, 6 fixed positive, while the summation over the complementary 
values of m gives the limit zero. We have 


ik 
exp (sA,)x — Tx = exp (—s/h)T 1(2) [Tanx — Tx]. (8) 


If x e D(A), T,x is absolutely continuous ins. Wecan then choose a 6 such 
that || Tax — T,x|| < e||x|| for (1 — 5)s < mh < (1 + 84)s, where 4 is 
independent of sin0 < s < w. Outside of this n-range we have || T,,.x — 
T,x|| < 2 ||x||. Hence the right-hand side tends strongly to zero with h. 
This proves (2) for x « D(A). But D(A) is dense in E and exp (sA,) is 
uniformly bounded with respect to h. Hence (2) holds for all x «¢ E. 
A special case is the following generalization of Taylor’s theorem.5 
TuHeoreM 4. If f(u) is uniformly continuous in 0 S< u < ~, then 
s Tie n 
fu +s) = lim, 0X (2) 5 RE 3 a ( \i (u + kh), (9) 
n=yt: k=0 k 
where the limit exists uniformly with respect to u for all u and untformly with 
respect tos forO<s <w. If instead f(u) ¢ L,(0,-), pfixed, 1S p<, 
then the limit exists in the sense of convergence in the mean of order p. 

4. The relations between the spectral properties of A and of 7, are of 
importance. We use the symbols S(U), PS(U), CS(U) and RS(U) to 
denote the spectrum of U and its point, continuous and residual compo- 
nents. The resolvent of U is denoted by R(A, U). 

THEOREM 5. Under the assumptions of Theorem 3, a « S(A) implies 
e* ¢ S(T;) for alls > 0. In particular, e* ¢ PS(T,) if a « PS(A). 

The proof follows, for instance, from the identity 


(T, — Dx = fore ~ (A — al)Txdt, xe D(A). (10) 


This formula shows that (A — al)x = 0 implies (JT, — e*J)x = 0 which 
takes care of the point spectrum. If a « CS(A), ||(A — al)x|| is not 
bounded away from zero on the unit sphere and the same is obviously true 
for || (7, — e“Dx||. Thus R(e™, T;) either does not exist or is unbounded. 
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Finally, if (A — al) maps D(A) upon a space FE, non-dense in E£, then (T, — 
e“T) maps E upon a subspace of the closure of E,. Thus if R(e™, T;) exists, 
its domain of definition cannot be dense in E and e“* belongs either to 
PS(T,) or RS(T,). 

Theorem 5 admits of a limited converse. If it isknown that e* ¢ S(T;) for 
§ = 5S, and Se where 5,/Sse is irrational, and if, in addition, e**! and e**? are 
spectral values of the same type in a certain narrow sense (for instance, if 
both belong to the point-spectrum and have a common characteristic ele- 
ment), then e* ¢ S(7;) for all s > 0 and ae S(A). 

The spectral behavior of A and the approximation of J by T) are closely 
related. The following theorem indicates such a relation. 

TueorEM 6. [Jf || 7), — I|| > 0 with h and ||T, — I|| < 1 — 1/e for 
h < p,and if | a| > 1/p, then ||(A — al)x|| is bounded away from zero on 
the intersection of D(A) with the unit-sphere. In particular, PS(A) and 
CS(A) are located inside the circle | a| = 1/p.6 

The assumption || 7, — J|| — 0 is more than sufficient to ensure the 
validity of (10). Denoting f° | exp [a(s — #)] | dt by M(a, s), we then get 


M(a, s) ||(A — af)x|| = [1 — e*|||x]] — (7, — Del]. (11) 
Fors = 1/ 


1 “Representation of One-Parameter Semi-Groups of Linear Transformations,’’ these 
PROCEEDINGS, 28, 175-178 (1942). : 

2 “Notes on Linear Transformations,” Trans. Amer. Math. Soc., 39, 131--153 (1936). 

3 Compare I. Gelfand’s construction of elements in D(A) in “On One-Parametrical 
Groups of Operators in a Normed Space,” Compt. Rend. Acad. Sci. U. R. S. S., 25, 713- 
718 (1939). 

4 For Theorems 3-6 the author had originally found proofs based upon the resolvent 
theory sketched in the earlier note. This method has the advantage of great general 
applicability, but it is fairly complicated and in special cases stronger results are obtained 
more easily by direct methods such as those indicated in the present note. The proof of 
Theorem 3 given here is an adaptation to the abstract case of an argument suggested by 
Professor G. Szeg6é for the proof of Theorem 4. A still simpler and more direct proof 
has just been found by Professor Nelson Dunford. 

5 Professor Dunford has called my attention to the fact that Theorem 4 gives a new 
and fairly direct proof of Weierstrass’ approximation theorem. 

6 This theorem suggests strongly that RS(A) is also bounded and, as a consequence, 
that A is a bounded operator. My methods do yot yield this result, but it has been 
proved very elegantly by Dunford whose proofs will appear elsewhere. 





a| < p, the right-hand side is positive and the theorem follows. 
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GENERALIZATION OF SUNDMAN’S FUNDAMENTAL 
EQUALITY TO THE CASE OF MORE THAN THREE BODIES 


By GODOFREDO Garcia 
NATIONAL UNIVERSITY OF SAN Marcos, LIMA 


Communicated August 27, 1942 


In agreement with my eminent friend, Professor George D. Birkhoff, in 
considering that the physical probability of simple or multiple collision is 
zero and that it is very important from the physical point of view to treat 
the general typical case of movements without collision, I am led to investi- 
gate the possible generalization of the celebrated equality of Sundman to 
the case of the problem of m bodies. 

Let P;{t = 0, 1,2, ..., (m — 1)] bem points of masses m,{z = 0,1, 2, ..., 
(n — 1)] which move according to the law of Newton; the total mass of 

a—1 
the system is M = > m, and the potential function is expressed by 
i=0 
n—1 
U=ko—, ivf. (1) 


i=0 1H 
The vectorial equation of movement for any one of the bodies is 


a3(P; —G aL Sa ' 
wi. D on sig ak Beek hs Eh 


dt? dt? 
¢=0,1,2,...,(#— 1). (2) 








t 


Representing by 


Dy = Py — Py = Disriy, 44#j=0,1,2,...,(n—1), (3) 


the vectors which correspond to the material points P; considered by pairs, 
then 


0U, P; — P 
grad, Us = SS 


' ¢=0,1,2,...,.(@2—1). (4 
ji Oty Vij 


Supposing the center of gravity G to be at the origin, the initial conditions 
are given by the equations 


n—1 n-l1 —> 
Lam(P, —G)= Lan P!' = 0. (5) 


Representing by f the constant vector of areas, we have 


TAP. ~ G) A mPs =f 6) 
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The kinetic energy of the system formed by the m bodies taken in pairs is 
expressed by 

n—1 _ 


wae Dis mm (P,’ — P;') X (Pi! — P;') (7) 


which is transformed at once into the following: 


1 n—1 a — 
i = 5 damsP;' ne P,! (8) 
since we know that 
T = Uy — Ko. (9) 


The expression of Lagrange for the moment of inertia of the 7 bodies is 


7 es 
S = R= 577 Xs, man{P: — Py) X (Pi — Pr) (10) 


or 


n—1 


1 
S=R= OM 2 amis x 
{((P: — G) — (P; — GX [(%: — @ - (P,; -G@)} (1). 


which, taking account of (5), reduces to 


n—1 


S = R? = Ym(P, — G) X (P; — G). (12) 


0 


The first derivative of (12) is 


n—-1 


1 
S’ = M di gmm(P, ae P)) xX (P' - P,’) (13) 


which is transformed into 


n—-1 => 


S’ =2 LP: — G) X m,P/. (14) 
The second derivative of (12) is 
S* = a gmam;\ (P; — P;) X (P" - P,") a 
(P! - P,) x (Pi — Py) (15) 
which becomes the following: 


n—1 > n—-1 me — 
Ss” = 24 DAP, i G) p< m,P," Lm P, xX Pit. (16) 
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Making 

n—1 — 

DilP: am G) x m,P ;' = W (17) 

6 


and observing that the function Us» is homogeneous and of dimensions — 1 
in the distance which is the modulus of the vector (P; — G), one deduces 


n—1 — n—1 


DMAP: — G) X mP” = VlPi — G) X grad; Uo = —Uo (18) 


0 0 


and taking account of (17) one has 


S’' = 2W (19) 
a = 2[-—Us + 2T] - 2[Uo sie 2K)). (20) 
The function of Sundman is 
H = RR? + 2KR +4 (21) 
or 
S”? 
H= E + 2K,)S +7 (22) 
The derivative will be 
4 s if n-f1s 
and as 
S” = 4T — 2U) (24) 
and furthermore one has - 
S = 2T — Uy = Ur — Ko (25) 
from which one deduces 
T= -Ke=> +k, (26) 
consequently the function of Sundman may be written: 
H = |W? + 2KS+f]S~” (27) 
and its derivative will be 
ss WwW? + f?| S’ 


which is the fundamental equality of Sundman, extended to bodies. 
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GENERALIZATION OF THE INEQUALITY OF SUNDMAN TO 
THE CASE OF MORE THAN THREE BODIES AND TO THE CASE 
OF A GRAVITATIONAL GAS 


By GoDOFREDO GARCIA 
NATIONAL UNIVERSITY OF SAN Marcos, LIMA 
Communicated August 27, 1942 


The present note is the continuation of the preceding; we proceed to 
demonstrate that the celebrated inequality of Sundman extends to the 
general case of » bodies and even to a gravitational gas such as a cloud or 


gaseous nebula. 
Let us seek then the maximum or minimum of the function W for given 


P,', or, as well, of S’, for accomplishing which we will avail ourselves of the 
method of multipliers of Lagrange. 


Let the said multipliers be the vectors \ and p and the scalar 6; then 
with the equations (5), (6), (8) and (17) of Note I, we will form the equation 


n—1l1 n—1 — — 
Xx Dom P, + 2 x| SP @amPi Ff | + 
n-l— 

2 | Samir y x Pi — Ur + Ka + 


n—1 


DP: _ G) »4 m,P,,’ = W = 0. (29) 
0 


Differentiating the function W with respect to P,’ there are obtained the 
following m equations of structure: 


+p A (Pi — G) + OP\ + (Pi — G) = 0. (30) 
Multiplying them by m and summing, one has \ = 0 and (30) is reduced to 


(P; — G) + pA (Pi — G) + OP,’ = 0. (31) 


Multiplying vectorially the equation (31) by m(P; — G) and summing 
gives 


n—l e—2 


Den, in Oia O-~ ar(Pi— G) A m,P;' =0 (32) 


which is transformed into 
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n—l ce —>n-—l1 
Lams p X (Ps — G)] (Ps — G) — p Lam (P; — G) X (Pr — G) — 
a-1 


ODP —G)Am,P; =0. (33) 


Taking account of (6) and (12) one has 


n-1l1— 


Donde X (Pc — GPs G) — pS- = 0. (8A) 


The most general structure of the vector p which verifies the previous equa- 
tion (34) is 


r= A= 6) AP EB @ (35) 


where A and B are two indeterminates, and where it will be necessary to 


effect the determination of A. For doing this one substitutes p in (31) and 
thus obtains the equation 


(P, — G) + Al(P, — @) A Py A (P, —@] + OP = 0 (38) 


or 


[1 — AP, — G) X Py'|(P, — G) + [0+ A(P, — G) X (Py — PY = 0 
(37) 


which is verified under the conditions: 


1—A(P,-G) XP =0, 6+ A(P,-G) X(P,-G) (9) 


1 
a (39) 


P, — GAP 





(P, — G) X (Pi-G@) _ 
(P; — G) XP 


n—1 


Lam P, — G) X (P; — G) 


a— i —> 
L(Pr — G) X mP,’ 


@= — 





(41) 





ql u 
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Since 
n—1l1 > 
Mp = Adi (Pi-—G) A m,P/! = Af (42) 
one deduces 
M 
A= — 43 
“ (43) 
Me = —AS (44) 
and then 
fac 2 45 
a“: 5 f (45) 


This structure of the vector p satisfies the equation (34). 


Multiplying (31) by the vector m,P; and summing one has 


n-1 — n-1 
Su(Pe — G) X miPr + px YulPs — G) A mP! + 
n-l— 
Od amsP)' x Py = 0 (46) 
W+pXf + 20(Us — Ky) (47) 
or 
w+ o[2%d + 2(Us — Ke] = 0. (48) 


By the equation (45) one has also: 


oo . (49) 
) S 
We= —-S (50) 
and multiplying (48) by W one finds 
W? + f? — 2S(Uo — Ko) S 0 (51) 


which corresponds to the maximum value of W. 
The equations (19) and (28) enable us to write the preceding equation 
(51) in the following form: 
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S’* Ss a 
+P -25[) +K] <0 (52) 
or 
s’? p 
WR oie eae ~~... 


and as R? = S there is obtained 


2RR" + R’? + 2Ky = 5 (54) 
which demonstrates that the natural extension of the inequality of Sund- 
man is fulfilled in the problem of m bodies, attracting according to the law 
of Newton. Substituting then in (28), from 


W? s —f? + 2S(Us — Ko) (55) 

there results 
H' 20 (56) 
H $s 2U,S"?. (57) 


The Gravitational Gas.—In the case of a gravitational gas one can, 
for instance, consider the masses as equal: 


mM, =m,=m, 1 # j. 


Furthermore we will write 


eh -OXC~O (58) 
fio= (Pi -—G) A Pi (59) 
so that 
n—-1 n—-1 
S = Limams, = Lingn( Px — G) X (P; — G) (60) 
=> n—1 os n—-l => 
f= Limamfi - Linam(P. -G) A Pf. (61) 
Setting 
nym = 6, Av, (62) 


where 6, is the density and Av, the volume of the elements, 
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u—l1 n—1 


S= DivbeS Av, = ddi(Ps — G) X (P; — G) Av; (63) 


a 2-1 —> n—1l — 
f= Did: fr, Av, ac Dd P: — G) A Pj Av; (64) 
0 0 
n—1 n—1 —~ 
Ss => 15S,’ Av, => 23° ,6(P; ms G) ok P,! Av; (65) 
0 0 
n—l u—-1l1 — — n—-1 aie 
S’ = >215,S;" An; = 2[ Do diP iy x P,’ Avy + > b(P; — G) X P," Av] 
0 0 0 
(66) 
n—1 n-1 — 

n—-1 [>°:5,S;’ Av,]? [do5:f1 Ao)? 
DiS," do, — SS + 2K) = —,———-._ (67) 
¥ AY 5S An, do 15S, An, 

0 0 


Passing to the limit one has 


vz, _ (SbS'de]? Srafaol* 
Si 5Sp dv “4S, 6S pdv + 2Ko = SoS edo (68) 


which demonstrates that in the case of a gravitational gas there is fulfilled 
the inequality of Sundman. 

While Sundman demonstrated that for a given initial state, position and 
velocities of the three bodies can be determined an inferior limit for the 
diameter for all time, of which result Birkhoff showed the true significance, 
I intend to consider later analogous questions for the general case of n 
bodies and even for a gravitational gas.! 


1 My colleague, Professor Alfred Rosenblatt, studied such gravitational gases as long 
ago as 1926, but did not publish his very interesting main result analogous to Sundman’s 
Theorem I. This will appear shortly in his paper in the Am. Jour. Math., ‘‘On the 
Movement of a Cosmic Cloud of Finite Mass and Dimensions Which Is Only Subjected 
to the Newtonian Law of Gravitation.” 
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ON THE ANAPHASE MOVEMENT OF CHROMOSOMES 
By M. M. RHOADES AND HILDA VILKOMERSON 
Hiulsidentids oF Botany, COLUMBIA UNIVERSITY 
Communicated August 22, 1942 


The kinetic properties of chromosomes are controlled by the centromere 
or kinetochore. In somatic mitoses it is the centromeres which become 
oriented on the equatorial plate while the two arms of each chromosome 
may extrude from the spindle figure into the cytoplasm. At metaphase a 
thread-like structure, descriptively known as the spindle fiber, can be 
seen in properly fixed and stained material extending from the centromere 
to the pole. The centric region plays a decisive rdle in congression, orien- 
tation on the spindle and anaphase separation. centric fragments 
behave in an irregular fashion. The centric region becomes “attached”’ 
to the spindle and leads the way to the pole at anaphase with the arms of 
the chromosome apparently being moved as passive bodies. A sub- 
terminal centromere imparts a J-shaped appearance to an anaphase chro- 
mosome while a chromosome with a median centromere assumes a V-shape. 
In either case the centromere (i.e., centric region) is at the apex of the 
configuration. 

At the first meiotic metaphase the bivalent chromosomes undergo 
congression and orientation. When the bivalent (tetrad) moves upon the 
spindle the two homologous centromeres become coériented and lie sym- 
metrically on either side of the equatorial plane and directed toward op- 
posite poles. The two homologous centric regions lead the way to opposite 
poles in anaphase disjunction. Inasmuch as two chromatids are attached to 
each centromere, the disjoining dyads have the appearance of double V’s 
or J’s, depending upon the position of the centromere in the chromosome. 
The double V’s or J’s characterizing the first anaphase are later trans- 
formed into X-shaped configurations by the repulsion between the four 
constituent arms. The undivided centromere lies at the center of the X 
and holds the two chromatids together until the second anaphase. The 
dyads at MII have their undivided centromeres lying on the equatorial 
plate as in a somatic mitosis. The effective split of the centromere occurs 
and the two chromatids comprising each dyad pass to opposite poles, with 
the centric region advancing foremost. In maize there is no relational 
coiling at the second division to delay disjunction. This fact coupled with 
the marked contraction of the chromosome arms at MII leads to the two 
chromatids moving somewhat parallelly to the poles, and the pronounced 
V’s and J’s characteristic of other mitoses are not always seen, although it 
is clear that the centric region is in the front. The above outline is true 
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for maize chromosomes, and with minor exceptions holds for those plants 
and animals possessing chromosomes with localized centromeres. Re- 
cently Hughes-Schrader and Ris' have shown that the hemipterous insects 
have a diffuse type of spindle attachment region and consequently in these 
insects the movement of the chromosomes follows another pattern. There 
is then for chromosomes no universality in type of spindle behavior. This 
is emphasized by the following preliminary report of an anomalous situa- 
_ tion in maize. 

The unorthodox behavior is limited to the two meiotic divisions. The 
somatic mitoses are normal. Studies of meiosis have been limited to micro- 
sporogenesis. The first meiotic division is normal up to metaphase, when 
the bivalents congress upon the spindle figure. The pachytene chromo- 
somes are of normal appearance with clearly defined centromeres. The bi- 
valents become oriented on the spindle in a regular manner. The first 
indication of an unusual behavior occurs when structures similar to the 
primary centric region arise from distal portions of the chromosomes be- 
fore the beginning of anaphase. These newly arisen structures will be 
tentatively called secondary centric regions inasmuch as they, like the 
primary centric region, become attached to the spindle and affect anaphase 
movements of the chromosomes. These secondary centric regions move 
poleward more rapidly than does the primary centric region, so that the 
distal ends of the chromosome, instead of facing the center of the spindle 
as is commonly true at anaphase, are pulled ahead and, overtaking the 
true centric region, come to lead the way to the poles. These secondary 
centric regions may be formed by one or more of the four arms comprising 
each dyad. The activity of these regions superimposed on the anaphase 
movement due to the primary centric region produces great cotnplexity in 
the types of configurations observed. At the end of AI ten dyads usually 
ate found at each pole, there being a surprisingly high regularity in dis- 
junction. 

Cytological conditions in the second division are much more favorable 
for observation and diagrammatic configurations are often found. Second 
prophase stages do not noticeably differ from normal but the onset of meta- 
phase occurs before the usual contraction of the chromosomes has taken 
place. However, the somewhat extended dyads usually become oriented on 
the metaphase plate with the undivided centromere lying on the equatorial 
plate. Before the centromere splits and a normal anaphase separation is 
initiated, secondary centric regions again arise from or near the distal ends 
of the chromosomes.. These new centric regions become attached to the 
spindle and move rapidly poleward, with the result that the chromosome 
arms become greatly attenuated if their proximal portions were anchored 
on the metaphase plate by the still undivided centromere (see Fig. 1). 
The centromere eventually divides and the monads pass to the poles. 








— an wa =a ow nO OU wrrlCOUlUhUh wh lUWlUDlCU 
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When both ends of the same chromosome form secondary centric regions 
the chromosome literally backs into the pole with the apex (representing 
the centromere) of the V- or J-shaped chromosome pointing toward the 
equatorial plate while the two distal ends lead the way. Often only the 
distal end of one of the two arms forms a centric region, in which case the 
chromosome becomes an extended rod-shaped element. Occasionally both 
arms of the same chromosome may form 
secondary centric regions which are 
directed toward opposite poles, thus 
forming a chromosome bridge. Usually 
one of the two opposing forces prevails 


and the chromosome passes to one of 
the poles but infrequently the chromo- 
some becomes suspended on the spindle 
with a consequent breaking of the 
chromosome at late anaphase. It is 
somewhat surprising that in both the 
first and second meiotic divisions regular 
disjunction usually occurs and that plants y 


exhibiting this decidedly aberrant be- 
havior are very fertile. 

The formation of these secondary 
centric regions is limited to those plants 
having an abnormal type of chromosome 
10?: * with extra chromatin near the distal 


end of the long arm. , In plants homozy- 
gous for this abnormal tenth chromosome 
the frequency is high for the formation of 
these secondary centric regions, while it 
is much less in plants heterozygous for 
this chromosome. Sister plants homozy- 
gous for a normal chromosome 10 had a 
completely orthodox behavior. 

It is obvious that the unparalleled 
behavior reported here is of great in- 
terest to current theories on cell 
mechanics, especially that of the kinetic 


FIGURE 1 

Second metaphase showing pre- 
cocious poleward movement of 
secondary centric regions. The 
functionally undivided centro- 
meres of some of the dyads are 
oriented on the metaphase plate. 
In some cells the secondary cen- 
tric regions reach the periphery 
of the cell before division of the 
centromere occurs resulting in an 
extreme attenuation of the chro- 
mosome arms. 


movement of chromosomes. A detailed account will be published else- 


where. 


Summary.—In maize the primary centric region representing the 





localized centromere is responsible for the kinetic movement of the chromo- 
some in anaphase. The concentration of the kinetic forces produces J- or 
V-shaped configurations in anaphase. Plants carrying an abnormal type 
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of chromosome 10 exhibited a unique behavior in that centric regions were 
formed by portions of the chromosome other than the centromere. 


1 Hughes-Schrader, S., and Ris, H., Jour. Exp. Zoél., 87, 429-456 (1941). 
2 Rhoades, M. M., Genetics, 27, 395-407 (1942). 
3 Longley, A. E., Jour. Agric. Res., 56, 177-195 (1938). 


HEAT-INDUCED TRIPLOIDY IN THE NEWT, TRITURUS 
VIRIDESCENS 


By GERHARD FANKHAUSER AND RITA CROTTA WATSON 
DEPARTMENT OF BIOLOGY, PRINCETON UNIVERSITY 
Communicated September 2, 1942 


Heat and cold have both been widely used to induce polyploidy in 
plants.» ?*.4 Depending on whether the treatment is applied during 
meiosis or during the early divisions of the zygote, triploid or tetraploid 
plants are produced. In general, the abnormal temperature seems to dis- 
turb the formation of the spindle and the normal separation of the daughter 
chromosomes at anaphase, probably through changes in the viscosity of 
the cytoplasm. Exposure during early prophase of meiosis may also affect 
the behavior of the chromosomes directly and prevent pachytene pair- 
ing,* * or completely suppress both meiotic divisions so that a diplotene 
nucleus changes directly into a pollen-grain nucleus.® 

Similar effects of temperature have been described in some invertebrate 
animals. Refrigeration of normally parthenogenetic eggs of the brine 
shrimp, Artemia salina, may double the chromosome number from diploid 
to tetraploid through inhibition of the single, equational maturation di- 
vision.’»7 Heat treatment of unfertilized eggs of the silkmoth, Bombyx 
mori, induces parthenogenesis and also causes retention of the diploid 
chromosome number, sometimes with subsequent fusion of diploid cleav- 
age nuclei to form tetraploid or partially tetraploid animals.*: * ™ 

Among vertebrates, spontaneous and experimentally induced poly- 
ploidy have been studied extensively in several species of salamanders, be- 
cause of the ease with which the chromosome number of living young 
larvae may be determined in whole-mounts of the amputated tailtip.™! 
Spontaneous deviations from the normal, diploid chromosome number 
occur rather frequently.12 Among 1878 larvae of the newt, Triturus 
viridescens, which were examined from November, 1937, to August, 1942, 
38 were found to possess various deviating chromosome numbers; the ma- 
jority of these, 25 (1.33% of the total), were triploid. 

Experimental triploidy was first induced in salamanders by refrigeration 
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of freshly fertilized eggs of Triturus viridescens.'* 4.15 Before insemina- 
tion, which occurs during egg-laying, the amphibian egg has reached the 
metaphase of the second maturation division; it remains in this stage 
until fertilization has taken place. In the newt, late anaphase is reached 
about 30 minutes after fertilization."* The low temperature presumably 
suppresses the second maturation division and produces a diploid egg 
nucleus which fuses with a normal, haploid sperm nucleus to form a tri- 
ploid cleavage nucleus. A cytological investigation of the events taking 
place in refrigerated eggs is in progress. 

The range of low temperatures which will induce triploidy is consider- 
able. Temperatures from 0° to +4°C. seem to be most effective; however, 


TABLE 1 
SuMMARY OF RESULTS OF REFRIGERATION EXPERIMENTS WITH 
EccGs OF THREE SPECIES OF SALAMANDERS 


Beginning of treatment: immediately or within a few minutes after fertilization. 
Duration of treatment: 5 to over 24 hours. 
Number Number Chromosome 


of eggs of larvae Number % 
Species Temperature treated obtained 3N 2N N 3N 
Triturus 
viridescens! 
(2N = 22) 0° to +4.35°C. 466 228 (48.9%) 1672 50 10 73.2 
Triturus 
pyrrhogaster 
(2N = 24) +1.5° to +2.5°C. 117 29 (24.8%) 138 11% 4 44.8 
Amblystoma 
mexicanum, 
Axolotl : 
(2N = 28) +1° to+3°C. 154 31 (20.1%) 25 5 1 80.6 


1 These figures include all experiments performed so far, except those involving tem- 
peratures above 4.35° that are not as effective in inducing triploidy. 

2 Plus one mixed hyperdiploid-triploid larva. 

3 Plus one hyperdiploid larva. 


triploid larvae have also been obtained in considerable numbers following 
exposure of eggs to +5.5° and +6.38°C. The upper and lower limits of 
the effective range have not yet been determined accurately. The dura- 
tion of the treatment varied from 5 to over 24 hours; a few experiments 
of shorter duration produced diploid larvae only.'* The percentage of tri- 
ploid larvae varied in different series of experiments, largely because the 
eggs of individual females seem to react differently to the same treatment. 

The refrigeration method has also been successfully applied to eggs of 
Triturus pyrrhogaster™ and, more recently, in collaboration with Dr. 
Humphrey of the University of Buffalo, to axolotl eggs’® (table 1). Al- 
though the total number of eggs treated in these two species was rather 
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small, the results indicate that specific differences exist, both in the rate of 
mortality during early stages of development and in the percentage of tri- 
ploid individuals among the surviving larvae. It is also of interest that 
this treatment occasionally produces haploid larvae in all three species. 
The mechanism which leads to the formation of a haploid cleavage mitosis 
under cold treatment is not known at present. 

In view of the effectiveness of heat treatment as a polyploidy-inducing 
agent in plants, experiments to test the influence of high temperatures on 
salamander eggs had been considered for some time. Following preliminary 
tests of the heat resistance of eggs of Triturus viridescens by several under- 
graduate students, the first extensive series of heat treatments were carried 
out by Rita Crotta Watson in the spring of 1942. The eggs were trans- 
ferred immediately after laying to dishes kept in an incubator running at 
34.2° to 37.2°C. Following the treatment which lasted for from 5 to over 


TABLE 2 


RESULTS OF HEAT TREATMENT OF FRESHLY FERTILIZED EGGS OF 
Triturus viridescens 


Beginning of treatment: immediately after laying. 
Duration of treatment: 5 to over 50 minutes (see table 3). 








Temperature 
34.2°C. 35.0°-35.5°C. 36.0°-36.8°C. 37.0°-37.2°C. Total . 
No. of eggs 
treated 9 23 52 29 113 
No. of larvae 
obtained 4 (44.4%) 10 (43.5%) 32 (62.5%) 16 (55.2%) 62 (54.9%) 
Triploid 0 9 (90%) 25 (78.1%) 15 (93.8%) 49 (79%) 


50 minutes (tables 2 and 3) the eggs were returned to water at room tem- 
perature and allowed to develop. The chromosome number of each sur- 
viving larva was determined from counts in the amputated tailtip. 

The rate of mortality during early stages of development did not differ 
significantly at the various temperatures used (table 2). On the other 
hand, at any one of these temperatures, treatments lasting for over 19 
minutes seemed to be increasingly harmful (table 3). The mortality among 
heat-treated eggs was highest during the blastula stage; in the refrigera- 
tion experiments, on the other hand, it reached its peak during early cleav- 
age. 

The four larvae which developed from eggs exposed to 34.2° were all 
diploid. Of the larvae obtained from treatments at 35 to 37.2°C. 84.4% 
were triploid; within this range, different temperatures seemed to be 
about equally effective in inducing triploidy (table 2). The duration of the 
treatment also had no clear-cut influence on the resulting percentage of 
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triploid larvae (table 3). The shortest treatments that produced triploid 
larvae were 5 minutes at 37.0°C., and 8 minutes at 36.0°C. 

More experiments will be needed to determine the range of effective 
temperatures and lengths of treatments. Already it is evident that short 
heat treatments are at least as effective in inducing triploidy as long cold 
treatments, if not more so (compare tables 1 and 2). Furthermore, the 
rate of mortality among the heat-treated eggs may be slightly lower. 

It is interesting to compare these results with those obtained by heat 
treatments of various species of plants during the early divisions of the 
zygote (cf. ref. 15, table 1). The temperatures used ranged from 38° to 
45°C., and the duration of the treatment varied from 30 minutes to 48 
hours. The yield of polyploids (predominantly tetraploids) varied from 
0.25 to 8%. The greater effectiveness of heat treatments of amphibian 
eggs is probably determined largely by three factors: (1) the treatment 


TABLE 3 


EFFECTS OF VARIATIONS IN DURATION OF HEAT TREATMENT AT 
35° to: 87.2°C. 


Duration, Minute: 








Over 


5-9 10-19 20-29 30-39 40-49 50 
Number of 
eggs treated 7 47 24 13 10 3 
Number of 
larvae ob- 
tained ' § (71.4%) 34 (72.8%) 12 (50%) 5 (88.5%) 2 (20%) 0 
Triploid 5 (100%) 29 (85.8%) 8 (66.7%) 5 (100%) 2 (100%) 


can be applied directly to the isolated egg cell; (2) it reaches the egg always 
in exactly the same stage of the mitotic cycle, the metaphase of the second 
maturation division; (3) the movements of the chromosomes are normally 
suspended until about 10 to 15 minutes after fertilization, with the chro- 
matids still closely associated in pairs (dyads); the treatment thus merely 
prevents these movements from resuming their course instead of stopping 
an actively progressing mitosis. 

Attempts to induce tetraploidy by refrigeration of newt eggs during the 
first cleavage mitosis have been a complete failure so far, probably because 
of the difficulties encountered in timing the treatment. The living egg is 
opaque and does not indicate in any way when it reaches the metaphase of 
the first division; moreover, the study of sections through preserved eggs 
has shown that the interval between fertilization and metaphase varies 
widely between individual eggs kept at the same temperature. It is 
possible that heat treatments, which are more easily controlled because of 
the short exposure that is needed, will be more successful. 
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Summary.—One hundred and thirteen freshly fertilized eggs of the newt, 
Triturus viridescens, were treated at temperatures ranging from 34.2° to 
37.2°C., for from 5 to over 50 minutes, and raised at room temperature. 
Sixty-two (54.9%) of the treated eggs developed into larvae; 49 of these 
(79%) were found to be triploid, the rest diploid. The shortest heat treat- 
ments which produced triploid larvae were 5 minutes at 37.0°C., and 8 
minutes at 36.0°C. 

A comparison of the results with those obtained by refrigeration of eggs 
shows that short heat treatments are at least as effective in inducing tri- 
ploidy as cold treatment lasting for 5 or more hours. Both heat and cold 
presumably suppress the second maturation division of the egg which is 
not completed normally until about one hour after fertilization. 
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THE INCREASE OF B VITAMINS IN GERMINATING SEEDS* 
By PauL R. BURKHOLDER AND ILDA MCVEIGH 
OSBORN BOTANICAL LABORATORY, YALE UNIVERSITY 


Communicated September 8, 1942 


The rapid synthesis of provitamins A and vitamin C in germinating 
seeds has been clearly demonstrated by many investigators in recent 
years.':? Much less is known, however, concerning the possible changes 
in the amounts of B vitamins during germination. Mung bean sprouts 
are known to contain vitamins of the B complex.* It has been reported 
that the B; of pea embryos increases during germination while the content 
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of the cotyledons decreases. Moreover, it appears that the thiamine in 
young pea plants kept in the dark does not increase, whereas in the light 
the vitamin B, content of the leaves rises rapidly.’ Sprouted garden peas 
have been found to prodice also an appreciable quantity of riboflavin 
during their early development. In view of the relative scarcity of in- 
formation on the subject, it seemed desirable to make some assays for B 
vitamins in germinating seeds of a number of edible species. 

Materials and Methods.—Ten kinds of plants, including Alpha barley, 
Victory oat, Cornell 34-53 corn, Tenmarq wheat, Bansei soy bean, Mung 
bean, Alaska garden pea, green eye pea, and large and small lima bean, 
were employed in this investigation of B vitamins in dry seeds and seed- 
lings. The seeds were germinated at ordinary temperatures in sand 
cultures in the greenhouse or in liquid cultures in the laboratory. Tap 
water was supplied as required for normal growth. A few plants were 
grown on moist filter paper in large Petri dishes, one set being exposed to 
daylight and another kept in darkness. 

After different periods of time whole seedlings were harvested and dried 
in an oven at 70°C. for about 12 hours. The material was ground fine 
in a glass mortar and preserved in the dry state over calcium chloride in a 
desiccator until the assays could be completed a few days later. Extracts 
of the dried materials were obtained by autoclaving each 0.5-g. sample in 
20 ml. of 1 N H.SO, at 15 Ibs. pressure for 45 minutes. Using a glass 
electrode, the reaction of the cooled solutions was adjusted to pH 5.0 by 
adding NaOH. The extracts containing finely suspended matter were 
made up with distilled water to a volume of 30 ml. and then filtered through 
Hirsch filters, using a small amount of washed asbestos. In all the work, 
glass-distilled water was employed, glassware was cleaned in chromic 
acid and washed thoroughly, and manipulations were carried out under 
dim Mazda light or in filtered red light until the riboflavin determinations 
were completed. 

The methods used in assaying for riboflavin, biotin and niacin involved 
the use of Lactobacillus casei «, Saccharomyces cerevisiae F. B. and Lacto- 
bacillus arabinosus as indicators in microbiological tests described by Snell 
and Strong,’ Snell, Eakin and Williams,’ and Snell and Wright. Thiamine 
activity was tested with the Phycomyces assay method.” Pyridoxine was 
assayed tentatively with a yeast which has been in use for some time in 
this laboratory, following the general procedure of Williams, Eakin and 
McMahan.!!_ The amounts of the extracts to be used in making the tests 
were determined by preliminary trials, and appropriate aliquots were 
employed usually at several concentration levels for each vitamin assay so 
that growth of the indicator organism would fall within a suitable range of 
response. The resulting data are expressed as micrograms of vitamin 
per gram of dry matter. 
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In view of difficulties with the microbiological assay for riboflavin in 
cereals, as reported by several investigators,'?: '* it seemed desirable to 
determine to what extent other factors might be influencing the growth of 
the test organism, Lactobacillus casei. It should be pointed out that 
starch is effectively hydrolyzed in the samples by autoclaving them in 
1 N H,SO,y. Experiments were conducted with photolyzed extracts of 
dormant and germinated barley in order to ascertain the extent to which 
interfering substances might modify the results of the assays. The plant 
materials were extracted in the usual way by autoclaving in 1 N H2SO, and 
filtering off the suspended matter. Then the liquid samples were adjusted 
with NaOH to pH 11 and exposed to strong Mazda light for 15 hours to 
destroy the riboflavin. The reaction was readjusted to pH 5.0 just before 
using the extracts in the tests. Series of tubes were then set up to contain 
the following amounts of riboflavin: none, 0.05 gamma, and 1.0 gamma 
per 10 ml. of culture medium. One milliliter of extract containing an 
equivalent of 17 mg. of dry barley, approximately the amount used in the 
assays for Bz, was added to each tube. Uninoculated controls were run 
in the usual way. Growth of the bacteria was estimated turbidimetrically 
after 18 hours. 

The results indicate that riboflavin was absent in the photolyzed ex- 
tracts. At the 0.05 gamma level of Bz, where this vitamin is presumed 
to be the growth factor in relative minimum, no increase in growth was 
observed in tubes containing additions of photolyzed extract as com- 
pared with control tubes containing the same amount of riboflavin but no 
extract; at the level of 1.0 gamma of By: per tube, where the vitamin is 
not a limiting factor, increased growth was noted especially in the tubes 
which had received extract of germinated barley. Inasmuch as our deter- 
minations of riboflavin were performed at the lower end of the dose- 
response curve, it is believed that the influence of interfering substances 
was kept at a minimum. 

The results of the assays for pyridoxine are still in a preliminary state 
and a separate report is planned for this part of the work. Only a few 
tentative results with Be are therefore presented in this paper. 

Results—In some of our preliminary experiments (completed April 13 
and April 30, 1942) seeds were germinated after sterilization for 30 minutes 
in calcium hypochlorite (10 g. in 140 ml. H,O). The seedlings were grown 
under aseptic conditions in moist Petri dishes, some being exposed to day- 
light while others were kept in darkness. A few of the results obtained 
with seedlings kept in darkness are shown in table 1. In nearly every 
instance there was a loss of vitamins in the soaked seed, probably resulting 
from leaching and the action of the chlorine. After 4 days of growth the 
niacin, riboflavin and biotin in nearly every case exceeded the initial con- 
centrations present in the dry seeds. Assays for riboflavin in both light 
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and dark grown seedlings indicated increases of about the same order in 
the developing plants of both series. 

The results of another series of assays (completed May 27, 1942) on 
seedlings sprouted for 5 days in sand culture are presented in table 2. In 
this experiment the non-sterilized seeds were planted directly in moist 
sand. Riboflavin, niacin and biotin show relatively large gains in the 


TABLE 1 


VITAMINS IN Dry SEEDS AND IN GERMINATED SEEDS STERILIZED IN CaCl(OCI) SoLuTIon. 
RESULTS EXPRESSED AS MICROGRAMS PER GRAM OF Dry MATTER 


KIND OF SEED TREATMENT RIBOFLAVIN NIACIN 

Wheat Dry 1.0 83 
Soaked 1.4 67 
4 Days old 2.4 72 

Corn Dry 1.5 20 
Soaked 0.5 16 
4 Days old 2.0 30 

Soy bean Dry 1.8 26 
Soaked 1.4 20 
4 Days old 3.6 37 

Mung bean Dry 1.2 30 
Soaked 1.2 29 
4 Days old 2.6 51 

TABLE 2 


VITAMIN CONTENT (MICROGRAMS PER GRAM) OF Dry SEEDS AND OF SEEDS GERMINATED 
FoR 5 Days IN SAND CULTURES 


RIBOFLAVIN NIACIN THIAMINE BIOTIN 
KIND OF SEED DRY GERMIN. DRY GERMIN. DRY GERMIN. DRY GERMIN. 
Barley Pe Be 72 129 oy 7.9 0.4 1.2 
Corn 1.2 3.0 17 40 6.2 5.5 0.3 0.7 
Oats 0.6 12.4 11 48 10.0 11.5 1.2 1.8 
Soy bean 2.0 9.1 27 49 10.7 9.6 eS 3.5 
Lima (large) 1.0 2.0 15 29 6.7 5.0 0.1 0.1 
Lima (small) 0.9 4.0 11 41 4.5 6.2 0.1 0.4 
Greeneyepea 1.8 9.7 20 60 11.0 12.0 0.4 1.1 
Mung bean 1.2 10.0 26 70 8.8 10.3 0.2 1.0 
Pea 0:7 7.3 31 32 7.2 9.2 0.5 


germinated seeds. Little or no change was observed for the thiamine 
content in this set of plants. The results for pyridoxine were not entirely 
satisfactory because of interfering substances in the samples, but it can be 
said that the preliminary data indicate large increases during early germi- 
nation. 

The results of further experiments with corn and wheat seedlings grown 
in water culture in the laboratory are shown in figure 1. Appreciable in- 
creases in the concentration of riboflavin, niacin and biotin are apparent 
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in the graph. In this experiment again, the thiamine content showed 
little change. Still other tests were performed on cereal seedlings grown 
in sand culture in the greenhouse and the resulting data, as shown in 
figure 2, further illustrate the characteristic upward trend of these three 
vitamins during germination. No significant changes in thiamine were 
observed in the corn and oat seedlings, but appreciable increases were noted 
in the wheat and barley seedlings. Pyridoxine appeared to reach much 
higher levels in sprouting barley and wheat than in germinating corn and 
oats, although marked increases were indicated in all the species of develop- 
ing seedlings which were studied. 

Determinations made on green leaves of young wheat, barley, corn and 
oats grown outdoors in soil indicated the presence of rich stores of B 
vitamins in these materials. The thiamine and riboflavin contents of 
young barley and wheat leaves were particularly striking in comparison 
with the amounts present in the dry grains. On a dry weight basis there 
was more than double the amount of thiamine and about 20 times more 
riboflavin present in the young green leaves than in the dry seed. 


Conclusions.—Our investigations show significant increases in the 
concentration of riboflavin, niacin, biotin and pyridoxine during the 
germination of many kinds of edible seeds. In general, little or no change 
in thiamine concentration occurs during germination, though the content 
of green seedling leaves of cereals was found to be relatively high as com- 
pared with that of the dry grains. It should be stressed, furthermore, that 
the increased stores of B vitamins can be largely retained during the 
process of dehydrating the sprouted materials. If the value of germinated 
seeds is to be judged by their vitamin content, it appears that the common 
use of sprouted seeds in the diets of oriental peoples rests on a sound nutri- 
tional basis. It is hoped that this brief report may have some significance 
in connection with rational utilization of natural plant products in human 
and animal nutrition. 


* Grateful acknowledgment is made to the Nutrition Foundation for financial as- 
sistance given to Dr. George R. Cowgill and associates in botany. 
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NOTES ON ALGAL NOMENCLATURE: I. POLLEXFENIA, 
JEANNERETTIA AND MESOTREMA 


By GEorRGE F. PAPENFUSS 


DEPARTMENT OF BOTANY, UNIVERSITY OF CALIFORNIA 


Communicated September 1, 1942 


Work on the marine algae of South Africa, carried on by the writer since 
1935, has revealed a number of nomenclatural confusions. One of the 
most outstanding complexities centers around the usage of the generic 
name Pollexfenia Harvey. 

When describing Pollexfenia, Harvey (1844, p. 431) stated: ‘‘This genus, 
founded on a plant from the Cape of Good Hope, is inscribed to the Rev. 
John H. Pollexfen.... Harvey referred two species, both new, to Pollex- 
fenia: P. pedicellata from Tasmania and P. laciniata from South Africa. 
Although giving P. laciniata second place, it is clear that Harvey intended 
it to be the nomenclatural type of his new genus. 

The next reference to Pollexfenia in Harvey’s publications is to be found 
in his Nereis Australis (1847). On page 22 hestates: ‘This genus, named 
in honour of the Rev. J. H. Pollexfen, a successful explorer of the marine- 
botany of the Orkney Islands, contains two groups, which may hereafter 
be separated; perhaps they ought never to have been combined.”’ Harvey 
accordingly split Pollexfenia into two subgenera: Subgenus 1, Pollexfenia 
in which he retained P. pedicellata; and subgenus 2, Rhodoseris in which he 
placed P. (Rhodoseris) laciniata and in addition a new species from Austra- 
lia, P. (Rhodoseris) cartilaginea Harvey et Greville. In his Index Generum 
Algarum (1860, p. 5), Harvey raised the subgenus Rhodoseris to the rank of 
genus and designated as its type (by implication) Pollexfenia laciniata. 
This species thus came to serve as the type of both Pollexfenia and Rhodo- 
seris. 

In 1863 Harvey (1863, p. XVII) also transferred Pollexfenia cartilaginea 
to Rhodoseris. This species was subsequently designated as the type of the 
genus Rhodoseris by Schmitz (1889, p. 445) and Kylin (1924, p. 97) but 
these authors apparently overlooked the fact that Harvey in 1860 had cited 
P. laciniata as the type. 

Pollexfenia (Rhodoseris) laciniata has been a little-known plant for a long 
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time, but has been collected at a number of localities in South Africa during 
recent years, both by Professor T. A. Stephenson and his co-workers and 
the writer. Not realizing that he had P. Jaciniata in hand, Kylin in 1938 
redescribed the species under the name Papenfussia elegans, the type species 
of the genus Papenfussia. 

From the preceding account it follows that the genus Pollexfenia, with 
the type P. laciniata, as originally proposed by Harvey should be retained 
for plants belonging to the Delesseriaceae; the genera Rhodoseris and 
Papenfussia become synonyms of Pollexfenia; and the Rhodomelaceae cur- 
rently assigned to Pollexfenia have to be grouped under a different generic 
name. The name Jeannerettia Hook. et Harv. (in Harvey, 1847, p. 20), 
with the type J. lobata Hook. et Harv., is available for these species. 

The plant that Harvey and Greville (in Harvey, 1847, p. 23) described as 
Pollexfenia (Rhodoseris) cartilaginea forms its tetrasporangia in special 
‘leaflets’ and accordingly is to be excluded from Pollexfenia, in which genus 
the reproductive organs are formed directly on the main thallus. P. 
cartilaginea may be representative of a new genus, but our knowledge con- 
cerning it is very meager and at present it seems best to refer the species to 
Botryoglossum, in which genus the reproductive organs are likewise formed 
in special “‘leaflets.”’ 

The following changes in nomenclature consequently seem warranted: 


Pollexfenia Harvey 
London Jour. Bot., 3: 431, 1844. Pollexfenia subgenus Rhodoseris Har- 
vey, Ner. Austr.: 22, 1847. Rhodoseris Harvey, Index Gen. Alg.: 5, 1860. 
Papenfussia Kylin, Lunds Univ. Arsskr., N. F., Avd. 2, 34 (8): 15, 1938. 


Pollexfenia laciniata Harvey 


London Jour. Bot., 3: 432, 1844. Pollexfenia (Rhodoseris) laciniata 
Harvey, Ner. Austr.: 22, pl. 6, 1847. Rhodoseris laciniata (Harv.) Harvey, 
Index Gen. Alg.: 5, 1860. Papenfussia elegans Kylin, Lunds Univ. Arsskr., 
N. F., Avd. 2, 34 (8): 16, fig. 8, pl. 5, fig. 14, 1938. 


Pollexfenia minuta (Kylin) comb. nov. 
Papenfussia minuta Kylin, Lunds Univ. Arsskr., N. F., Avd. 2, 34 (8): 
17, pl. 5, fig. 15, 1938. 


Botryoglossum cartilagineum (Harv. et Grev.) comb. nov. 


Pollexfenia (Rhodoseris) cartilaginea Harv. et Grev. in Harvey, Ner. 
Austr.: 23, 1847. Rhodoseris cartilaginea (Harv. et Grev.) Harvey, Phyc. 
Austr., 5: XVII, 1863. 
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Jeannerettia Hooker et Harvey! 


in Harvey, Ner. Austr.: 20, 1847. Pollexfenia subgenus Pollexfenia 
Harvey, Ner. Austr.: 22, 1847. Pollexfenia Harvey, Phyc. Austr., 5: XVII, 
1863; Schmitz und Falkenberg in Engler und Prantl, Nat. Pflanzenfam., 1 
(2): 454, 1897; Falkenberg, Rhodomelaceen: 290, 1901. Melanoseris 
Zanardini, Flora, 57: 489, 1874. 


Jeannerettia lobata Hooker et Harvey 


in Harvey, Ner. Ausir.: 20, pl. 4, 1847. Pollexfenia lobata (Hook. et 
Harv.) Falkenberg, Rhodomelaceen: 295, 1901. 


Jeannerettia pedicellata (Harv.) comb. nov. 
Pollexfenia pedicellata Harvey, London Jour. Bot., 3: 431, 1844. 


Jeannerettia crispata (Zanard.) comb. nov. 


Melanoseris crispata Zanardini, Flora, 57: 489, 1874. Pollexfenia 
crispata (Zanard.) Falkenberg in Engler und Prantl, Nat. Pflanzenfam., 1 
(2): 455, fig. 256, 1897. 


Jeannerettia nana (J. Ag.) comb. nov. 
Pollexfenia nana J. Agardh, Anal. Alg.: 164, 1892. 


Jeannerettia crenata (J. Ag.) comb. nov. 
Pollexfenia crenata J. Agardh, Anal. Alg.: 165, 1892. 


In a recent paper it was pointed out by J. De Toni (1936) that Martensia 
Hering (1841), founded on M. elegans Hering from South Africa, is invali- 
dated by Martensia Giseke (1792), a genus of flowering plants, and he ac- 
cordingly proposed the generic name Capraella for the species of red algae 
currently grouped under Martensia Hering. De Toni apparently over- 
looked the fact that the generic name Mesotrema J. Agardh (1854) is avail- 
able for these plants. This genus was erected by J. Agardh to receive a new 
species, Mesotrema Pavonia J. Ag., from the West Indies. When describ- 
ing Mesotrema, J. Agardh was aware of its close relationship with Martensia 
Hering and in 1863 he immersed it, species and all, in the latter genus. As 
originally proposed and described, however, Mesotrema seems to conform 
to the International Rules of Botanical Nomenclature (1935) and should be 
retained. Hemitrema ®. Brown (1843), with the type H. Kraussii R. 
Brown, is based on Martensia elegans Hering (1841) and is invalid. 


Mesotrema J. Agardh 
Ofvers. Kongl. Sv. Vetensk.—Akad. Férhandl., 11: 110, 1854. Martensia 
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Hering, Ann. and Mag. Nat. Hist., 8:92, 1841 (non Mariensia Giseke, 1792). 
Hemitrema R. Brown in Endlicher, Mant. Bot. sistens Gen. Plant., Suppl. 3: 
50, 1843. Capraella J. De Toni, Not. nomencl. alg., 7, 1936. 


Mesotrema Pavonia J. Agardh 


Ofvers. Kongl. Sv. Vetensk.—Akad. Férhandl., 11: 110, 1854. Martensia 
Pavonia (J. Ag.) J. Agardh, Sp. Alg., 2 (3): 831, 1863. Capraella Pavonia 
(J. Ag.) J. De Toni, Not. nomencl. alg., 7, 1936. 


Mesotrema elegans (Hering) comb. nov. 


Martensia elegans Hering, Ann. and Mag. Nat. Hist., 8:92, 1841. Capra- 
ella elegans (Hering) J. De Toni, Not. nomencl. alg., 7, 1936. Hemitrema 
Kraussii R. Brown in Endlicher, Mant. Bot. sistens Gen. Plant., Suppl. 
3: 50, 18438. 


Mesotrema fragilis (Harv.) comb. nov. 


Maritensia fragilis Harvey, Hooker’s Jour. Bot., 6: 145, 1854. Capraella 
fragilis (Harv.) J. De Toni, Not. nomencl. alg., 7, 1936. 


Mesotrema denticulata (Harv.) comb. nov. 


Martensia denticulata Harvey, Trans. Royal Irish Acad., 22: 537, 1855. 
Capraella denticulata (Harv.) J. De Toni, Not. nomencl. alg., 7, 1936. 


Mesotrema australis (Harv.) comb. nov. 


Martensia australis Harvey, Trans. Royal Irish Acad., 22: 537, 1855 
Capraella australis (Harv.) J. De Toni, Not. nomencl. alg., 7, 1936. 


Mesotrema flabelliformis (Harv. ex J. Ag.) comb. nov. 


Martensia flabelliformis Harvey ex J. Agardh, Sp. Alg., 2 (3): 826, 1863. 
Capraella flabelliformis (Harv.) J. De Toni, Not. nomencl. alg., 7, 1936. 


Mesotrema speciosa (Zanard.) comb. nov. 


Martensia speciosa Zanardini, Flora, 57: 488, 1874. Capraella speciosa 
(Zanard.) J. De Toni, Not. nomencl. alg., 7, 1936. 


Mesotrema Beccariana (Zanard.) comb. nov. 
Martensia Beccariana Zanardini, Nuovo Giorn. Bot. Ital., 10: 35, 1878. 
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for granting the facilities of the Botanical Laboratories of the University 
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from the Carnegie Corporation of New York through the University of 
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1 The systematic position of Pollexfenia tenella Kiitzing (1849, p. 875) is obscure. 
De Toni (1903, p. 981) retains it, with a query, in Pollexfenia (Jeannerettia in the sense 
of the present article), but suspects relationship with Symphocladia marchantioides, under 
which species he has also included it as a doubtfulsynonym. According to Cotton (1915, 
p. 202), the type specimen is not to be found in Herbarium Kiitzing. 
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